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der	Pädagogischen	Hochschule	Ludwigsburg	

	

	

vorgelegt	von	Francisco	Vargas,	aus	Bogotá	

	

	

	

	

Ludwigsburg		

2020	

 

 



2 

 

 

Erstgutachterin: Prof. Dr. Laura Martignon 

Zweitgutachter: Prof. Dr. Keith Stenning 

 

Datum des Abschlusses der mündlichen Prüfung: 16. November 2020



 

i 

Declaration	

 

I. Hiermit versichere ich an Eidesstatt, dass die Dissertation selbstständig angefertigt wurde, 

wörtliche wie inhaltliche Entlehnungen kenntlich gemacht sind und außer den in der 

Dissertation genannten keine weiteren Hilfsmittel Verwendung fanden.“ 

 

II. „Hiermit versichere ich, dass die Dissertation weder im Ganzen noch in Teilen Gegenstand 

eines Promotionsverfahrens an einer anderen Hochschule war.“ 

 

 

Francisco Vargas 



 

ii 

Abstract	

This thesis presents the results of a series of studies (on syllogisms, on the interpretation of 

mathematical statements and on probabilistic thinking) conducted with the idea that different, 

legitimate kinds of reasoning are used by humans in a contextual way, and that therefore no 

single logic (e.g., classical logic) can be expected to account for this diversity.  

The crucial role of interpretation is highlighted, showing how intensional and extensional 

reasoning may be mobilized according to it. In particular, in communication settings, this 

depends on our adoption of a cooperative, credulous disposition, or on the contrary, of an 

adversarial, sceptical one. 

In reasoning about mathematics in an educational setting, students (and teachers) may be 

enrolled in a back and forth between believing, doubting, making sense, giving arguments and 

proving. These changes in dispositions imply changes in the logics used. All the studies 

presented show, in different ways, evidence for cooperative, intensional reasoning and, in 

some cases, the possibility of a shift towards the acquisition of an extensional view. This 

suggest that if we expect as educators the adoption of specific norms and the development of 

reasoning skills from students, we need first to know well what the point of departure is where 

they are, and that it is often not at all “irrational”. 
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 Introduction	

This thesis is intended as an evidence-based contribution to understanding how different 

fundamental mechanisms of reasoning may be operant in humans, and what implications this 

fact may have for mathematics education at different levels. It is also an attempt to explain 

what triggers these different mechanisms and why they are put into action. Based on this I 

elaborate on the notion of “logical error” which pervades our conceptions of reasoning, in 

particular in education. 

 It aims at widening perspectives on three different levels inherent in reasoning:  

1) The descriptive level on how reasoning is manifested by individuals both in 

experimental and educational settings. 

2) The normative level on how reasoning should be. 

3) The educational level of how a transition towards the desired norms can be attained. 

This admittedly ambitious purpose requires to be approached from different disciplines which 

include mathematical logic, cognitive psychology and mathematics education. The research 

thus conducted will be better described as being “topic oriented” and not primarily “discipline 

oriented”1. As a consequence of this interdisciplinarity, the approaching to the problems faced 

 

1 An inspiring guideline in this adventure has been that “Important topics do not respect the historically grown 

disciplinary borders, and if we strive for exciting knowledge rather than a comfortable career, we need to be in 

love with the topic, not with our professional in-group." (Gigerenzer, 2008) 
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demanded in the first place an examination of the meeting points for communication of 

literatures often independent, when not in open antagonism.2 

The conceptual perspectives thus elaborated, and the experimental results here presented 

indicate the need of substantive refinements about how to conceive the three levels previously 

indicated: 

1)  There is of course no such a thing as pure description and experimental data may be 

reinterpreted in the light of different theoretical approaches and changes in the 

experimental settings. In particular, a theme here will be how experimental tools are 

not necessarily assessing what they are planned to. 

2) Norms in the field are usually conceived in a restricted way as uniquely and fixedly 

established, but this needs not be the case. This holds, in particular, for “reasoning 

rules” 

3) The transition mentioned can be more fruitfully obtained not from the perspective of 

error elimination within a logic but considering the transition from one logic to another 

one whose goals are in line with the normative standards pursued (ecological 

rationality).  

 Reason-rationality-reasoning	
Reasoning as a research topic is not something as well determined as it may seem. It is not as 

neutral and uncontroversial for us human beings as many other processes that concern us, say, 

 

2 Stenning and van Lambalgen (2008) describe a long and deeply established divorce between logic and 

psychology. This originated from late nineteenth century disputes which led to mutual invalidation as “logicism” 

and “psychologism”. On the other side, it is generally acknowledged that mathematics education requires 

communication with psychology but interaction between both disciplines is not entirely unproblematic (Star and 

Rittle-Johnson, 2016). Finally, communication between logic and mathematics education has been almost entirely 

limited to the acknowledgment of the normative role of classical logic for the last discipline, as I will show in the 

next chapter. This thesis explores other kind of interactions at the descriptive level along with the possible 

consequences for the educational level. 
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visual processing or breathing. Reasoning processes have been reified in a single faculty: 

Reason. They have been personified as a deity3 that may guide us but that can also sleep4.  

Rationality has been for long considered as the single defining character that makes us human. 

A historical shift and cultural turn, too wide and too deep to be even outlined here, has led to 

the relativization of this notion. A recent episode of this long history may be seen in the so-

called “rationality debate” in psychology. 

Cognitive psychology has been characterized in the last decades by the leitmotiv of the debate 

on whether “rational laws” are naturally applied or, on the contrary, systematically violated. 

This has derived into questions on whether behavior adherent to expected norms may or may 

not be elicited by particular situations, on whether or not the strategies actually followed by 

subjects may be faithfully described and explained though different algorithmic accounts and, 

more generally, on whether or not we humans are ultimately “rational”. The evidence 

accumulated and the positions we take on each of these concerns are not just abstract 

dispassionate problems, but have important consequences for political, social and economic 

debates.  They are inherent also, as will be the theme here, in the educational problem of the 

acquisition of argumentation and critical thinking competencies. It is also relevant to the 

current Mathematics Education interest in the development and enhancement of logical 

thinking for mathematics and in particular for proof. 

Without yet taking a position on this debate on “rationality”, it is worth giving an initial 

approximation on what I will mean by reasoning. Given the pluralistic approach that I will 

adopt, a very general definition will be needed. Holyoak & Morrison, (2005) define it as :“the 

process of drawing inferences (conclusions) from some initial information (premises)”.5 From 

this starting point, in the next chapters I will emphasize other aspects of reasoning, like the 

crucial role that interpretation plays in this process and, related with this, its essentially non-

uniform character (e.g., intensional vs. extensional reasoning). 

 

3 A goddess, as present in the Enlightment iconography of “La déesse Raison”. 

4 El sueño dela razón produce monstruos: “the sleep of reason produces monsters”, as the well-known etching 

from Goya reminds us. 

5 Similar definitions are provided in (Hanna, 2014) and (Leighton, 2004). 
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 Mathematics	Education	in	regard	to	Psychology	
Mathematics Education is a young discipline. It has developed over more than 50 years through 

a series of trends in its literature with some conceptual constructs which shed light to a variety 

of topics involved in teaching and learning mathematics (See e.g. Inglis & Foster, 2018 for a 

recent overview). Even so, it has not reached the stage of fundamental well-established 

theories6. It has the risk of getting prematurely closed (Niss, 2018) in theory-driven research, 

when current theoretical frameworks are still in a stage of structuring and refinement. It needs, 

in particular not to close off interaction with neighbouring disciplines. Collaboration should be 

natural with disciplines such as cognitive psychology and educational psychology. As  Fischbein 

(1999, p.58) promoted,  

“the interaction between psychology and mathematics education, if well understood, 

is a rich source of new research topics, new concepts, and new theoretical views for 

both psychology and mathematics education.”  

This is true, in general, for many topics but is almost undeniable in particular for the study of 

reasoning. The studies so far conducted have generally taken inspiration in cognitive 

psychology, especially with the aims of the study of proof. 

It is worth mentioning that, even if the need of interaction between psychology and 

mathematics education is generally acknowledged, they are nevertheless different disciplines 

mostly independent and sometimes uncommunicated. Beyond the general character of 

psychology, there are particular concerns and methodologies used in mathematics education 

related with the effects of instruction in the acquisition of concepts. This is not present, to take 

an early example generally associated with education, in Piagetian theory, as already remarked 

by Fischbein (1999). More generally, we can see also a wide methodological reluctancy in 

experimental psychology towards such class-based studies outside the laboratory because of 

the challenge posed by uncontrolled potential factors (Star and Rittle-Johnson, 2016). 

 

6 The concept of “theory” and whether or not we may properly apply it to mathematics education is currently a 

theme of debate (Kilpatrick, 2010; Schoenfeld, 2000; Sriraman & English, 2010).  
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Even so, ignoring the phenomena obtained as effects of instruction would give us a very 

incomplete picture. Fischbein himself evidences the importance of  Vygotsky's  (1978) "zone 

of proximal development" for educational research:  

“our research must be didactically oriented. A potential schema is also a psychological 

reality. Very often, by adequate instruction, the potential capability may become 

manifest.” (Fischbein, 1999, p. 48).  

At the present stage, both disciplines show strengths and weaknesses, both conceptual and 

methodological, for the study of reasoning in mathematical contexts and I will be moving back 

and forth between them at the different stages of the studies conducted. 

 A	pluralistic	account	of	reasoning	and	logic	
I will adopt, from the above-mentioned rationality debate, the perspective that norms may be 

understood from a pluralistic viewpoint. In this sense, reasoning is many-faceted, but its many 

faces are not established arbitrarily: it is situated or ecological, tuned to particular 

environments. Its study also requires considerations on the computational constraints 

inherent to the problems faced and inherent to our minds. These are the basic tenets of 

bounded rationality  (Simon, 1957), which I will adopt as an enlightening framework, also for 

educational concerns.7 

In order to comprehend how different outcomes in reasoning tasks are elicited, I will highlight 

the fundamental role of interpretation. Reasoning does not occur “in the vacuum” according 

to general purpose algorithms. How we reason turns out to be highly dependent on contexts. 

Among which communication contexts are particularly determinant for us humans. In order to 

infer something from the information we receive, we have first to make sense of it, to construct 

an interpretation. This may be expressed using the crucial distinction between “reasoning to 

an interpretation” and “reasoning from an interpretation” (Stenning and van Lambalgen, 

2008).  

 

7 This will be the central topic in chapter 9. 
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According to this distinction, we reason in different situations tuning our reasoning with the 

kind of discourse8 at play and thus fixing an interpretation depending on it.  In this way 

variations between subjects or across contexts can be explained as differences between the 

interpretations given to the task at hand. Some typical answers to psychological reasoning 

tasks are therefore not necessarily to be considered as biases, in the sense of systematic errors 

present in them.  We can gain insight on such “errors” acknowledging that they can be so 

judged only if considered in regard with some normatively correct standards.  I will develop 

the idea that the adequacy of a single normative stance for this purpose, say, classical logic 

should not be taken for granted. The discipline of logic has completely changed and 

complexified along the XXth century and this should have consequences for the way we 

conceive it.  

The study of logic has led in the past century to a technical comprehension of the subject which 

goes far beyond all previous inquiries into it. This can be seen in the development of a wide 

spectrum of logics whose properties may differ radically, and which have even had practical 

applicability. The traditional conception of “The Logic” as an absolute, content-independent 

and all-comprising system has been thus abandoned. It was replaced by open-ended discipline 

encompassing the coexistence of different mathematical systems. These may be, to a higher 

or lesser extent, adequate for the description of different aspects of information processing. 

Even in regard to the context of mathematics, contemporary understanding of logics that goes 

far beyond the function that this discipline acquired in attempting to provide a foundational 

account of mathematics. 

I will not commit here to a unique alternative logic, but I will advocate throughout this Thesis 

in favor of the usefulness of some non-monotonic logics for understanding some human 

reasoning. This will not mean to deny the relevance of classical logic in some specific contexts 

for some particular purposes, notably in mathematics.  

By exonerating our student subjects from failing to adopt classical logical reasoning in some 

task/context, I am not necessarily advocating that they shouldn’t use it in that context: more 

 

8 Even if the distinction is also applicable to non-verbal tasks, I will concentrate on language-based 

communication. 
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often I am urging that they need to understand why it can be appropriate in that context. I’m 

arguing that what they do may be very coherent with their understanding, but their 

understanding needs to be elaborated.  A major part of teaching to improve reasoning skills is 

teaching to apply kinds of reasoning already mastered in some familiar contexts, in new 

contexts where the familiar cues have been removed. 

 Implications	for	education	
The rationality debate already mentioned has posed the problem of the educability of human 

beings according to “rational” standards. The “heuristics and biases” tradition (Tversky and 

Kahneman, 1974)  has been characteristically pessimistic in this regard9, leading to proposals 

such as the “libertarian paternalism” in public policies  (Thaler & Sunstein, 2008). Others have 

defended the possibility of educating citizens in order to make possible informed decisions, 

particularly involving uncertainty and risk: “by comparing cognitive illusions with visual 

illusions, libertarian paternalists misleadingly suggest that attempts to liberate people from 

their biases through education are largely doomed to fail” (Gigerenzer, 2015).  

The	same	problem	emerges	in regard to logic and argumentation skills.		Can these skills be 

strengthened through education? Are these skills reachable	at	all?	Since the well-known 

results of Wason about his selection task (Wason, 1968) the experiments led to a heated 

debate around the evidence that our use of the classical interpretation of logical concepts is 

not obvious.10  

 

9 “Democracy is inevitably messy, in part because the Availability, and Affect heuristics that guide citizens beliefs 

and attitudes are inevitably biased, even if they generally point in the right direction” (Kahneman, 2011, p. 145). 

Also “System 1 is not really educable” (Kahneman, 2011, p. 417). 

 
10 Actually, this is not the way in which the results were originally interpreted. Wason's views on them were based 

on the standards of classical validity. According to them, the subjects fail widely in giving "correct" answers to the 

task. 
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From a developmental point of view, also, evidence indicates that not all students and adults 

fully reach the Piagetian stage of formal operations11. Students at different levels and adults, 

have a tendency, instead, to argue, even in mathematical contexts, not in a general, abstract, 

hypothetical way. In fact, examples and single cases are assumed to be definitive in 

argumentation, and it is very common that subjects confuse "demonstration" (in the sense of 

exhibition of a particular case) and proof12. 

On these regards, I will argue in favour of the crucial role that interpretation plays. The 

different aspects of thinking that will be studied in the next chapters, point towards the 

presence of different reasoning mechanisms elicited in a contextual way. In particular, I will 

focus on the fundamental opposition between classical (extensional) and non-monotonic 

(intensional) interpretations of logical contexts. The first one is characterized by a notion of 

validity dependent on all the possible models of the situation at hand. The second may be 

understood as based on the establishment of one particular, intended model of it.  

What is suggested here is that a tendency to reason from a particular case or model of a given 

situation, rather than in full (all-models) generality may be fundamental to human cognition. 

This tendency can manifest itself, as far as mathematical education is concerned, in the logic 

underlying the discourse (in many cases defeasible rather than classical). This can be seen also 

in some kinds of discourse that is attributed to mathematics, which is therefore often linked 

to particular examples or models rather than to general proofs and fully formal structures.13 

 

11 This stage is characterized, as is well known, by reasoning from a fully Hypothetical-deductive method: “To be 

formal, deduction must detach itself from reality and take up its stand upon the plane of the purely possible, 

which is by definition the domain of hypothesis" (Piaget, 1972, p. 71). 

12 See, e.g., (Balacheff, 1987), (Fischbein, 1982) and  (Healy & Hoyles, 2000). 

13 This is true both for elementary and advanced mathematics, as is expressed e.g. by the following remark from 

an eminent source: "In Mathematics, as in any scientific research, we find two tendencies present. On the one 

hand, the tendency towards abstraction seeks to crystallize the logical relations inherent in the maze of material 

that is being studied, and to correlate the material in a systematic and orderly manner. On the other hand, the 

tendency towards intuitive understanding fosters a more immediate grasp of the objects one studies, a live 

rapport with them, so to speak, which stresses the correct meaning of their relations." (Hilbert & Cohn-Vossen, 
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From these considerations, the educational proposal that I will advocate for requires to be 

developed in two directions: 

(1) Providing a better description and explanation, using logical tools, of the varieties of 

“real” reasoning, including what we call “errors”, “misconceptions” or “biases”. This 

may help giving insights on why some of these phenomena are so robust, so strikingly 

persistent. A pluralistic and bounded rationality view will help here to reconsider in 

some cases the notion of “error” intended in absolute terms. 

(2) Proposing, from this insights, specific contexts favoring the adoption of the norms 

intended. Part of these contexts or environments may involve the use of particular 

representation formats14. I will also emphasize the even more fundamental role of the 

goals pursued in reasoning. These may give rise to different norms (different logics) as 

I previously outlined. 

 Questions	
I can now give a first formulation of the main questions pursued in this research, that will be 

instantiated in the different studies conducted (chapters 6-9): 

• What evidence is there that multiple logics are put into action when reasoning? What 

insights can we gain from this idea?  

• What consequences do these insights have in educational settings, particularly for 

mathematics education? In particular: what consequences does this have for the way 

in which we conceive norms, and their counterparts (“errors” or “fallacies)”? 

• Given a pluralistic account, is it possible to elicit the adherence to traditional norms 

(classical logic, probability laws) in situations where they are required? 

 

1999, p.iii). I will come back to this dichotomy several times with the change of perspective that in the “intuitive” 

understanding also logical principles may be in action. 

14 As proposed by Gigerenzer himself in regard to statistical and probabilistic reasoning (Gigerenzer and Hoffrage, 

1995; Zhu and Gigerenzer, 2006) and as will be a central theme in chapter 8. 
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 Methodologies	
As I already mentioned the research here presented is interdisciplinary. This is reflected in the 

variety of methodologies used which are both quantitative and qualitative. Not all of them are 

usually adopted in each of the disciplines involved. I combine them in order to gain exploratory 

insights for a proposal still absent in mathematics education in the terms that I pose it. In order 

to avoid repetition, I will provide details in the articles included in chapters 6-9 for the 

particular modalities adopted in each of the studies.15  The data gathering was made through 

the use of tests with questionnaires either with closed or open questions. Analyses combined 

statistical tools with argument analysis and semi-formalizations using logic. I combined the use 

of tests in some cases with classroom-based interventions (chapters 6 and 8) including a 

“learning by teaching” intervention (chapter 8).  

 Thesis	structure	
Chapter 2 reviews the literature on reasoning in mathematics education. This will allow me to 

specify the particular positions which I adopt and provides a motivation for the particular 

experiments and analyses conducted. 

Chapter 3      introduces the intensional/extensional dichotomy as an enlightening conceptual 

tool for the study of different kinds of reasoning. I review the use of the terminology in 

psychology and illustrate its use in different contexts. 

Chapter 4 is devoted to acknowledging how contemporary logic is an extremely varied topic 

offering new perspectives on what the role of logic may be in regard to human reasoning.  In 

particular, I will focus on what logic programming, a particular family of non-monotonic logics, 

may offer.  

From the perspectives exposed in chapters 1-4, I draw out a series of case-studies in an attempt 

to capture a variety of phenomena as wide as possible. In order to render evident the common 

trends underlying this variety, I render them explicit in Chapter 5. It serves as a bridge between 

the general standpoints that I assume, and the particularities developed in each of the articles 

which constitute chapters 6-9. 

 

15 Section 5.3 provides also an overview. 
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I start in Chapter 6 reporting on two experiments on what has been the model of rationality 

for centuries: syllogistic reasoning. They comprehend a variety of tasks which indicate the 

importance of the communication contexts for reasoning, as well as the effects obtained from 

the construction of counterexamples in some of the tasks. Connections with the mathematics 

education literature on reasoning and proof will be also highlighted. 

Chapter 7 presents interpretations of Pythagoras theorem: a statement known to “everybody” 

which seems apparently unambiguous.  Which it is not.  At least from the point of view of 

logical interpretation, i.e., looking at the statement not in isolation but in the context of what 

can be inferred from it, which is arguably part of its meaning. I show how logic programming 

tools, particularly forms of closed world reasoning may help us understand the interpretations 

diverging from the intended classical logic. 

In Chapter 8 I make a turn to probabilistic reasoning. The field has been determined, from the 

psychological point of view, by the heuristics and biases tradition. From the perspective I 

adopt, different kinds of reasoning emerge from an interpretational process and “biases” may 

be understood as alternate forms of rationality not necessarily “wrong”. The topic illustrates 

also the intentional vs. extensional opposition. The experiments are accompanied also by 

interventions which illustrate how extensional reasoning may be elicited, as is usually the 

intended goal in education. 

Chapter 9 is a further conceptual development placing in perspective evidence which includes, 

(but is not limited to) what I developed in the previous chapters. I adopt the bounded 

rationality framework arguing in favour of its relevance for mathematics education in regard 

to understanding of reasoning “errors”. In order to do this, I elaborate on the relationship 

between logic programming and the tradition of fast and frugal heuristics in psychology, seeing 

them as complementary from the bounded rationality perspective.  

Chapter 10 recapitulates summarizing the main conclusions which emerge from the 

perspectives gained. 
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 The	study	of	Reasoning	

in	Mathematics	Education	

This chapter aims at situating the research in regard to the reasoning literature in mathematics 

education. I will briefly review the studies on the topic and discuss them. In particular, It will 

be shown how a conception which views logic as limited to classical logic is predominant.  

 Converging	paths	on	reasoning		
I will start indicating briefly some lines in which the themes of reasoning and logic have been 

present in the mathematics education conceptions, either as explicit topics, or as unstated 

assumptions. 

Even if I already stated a working definition of reasoning, it is worth mentioning that the 

delimitation on what differentiates reasoning, argumentation and proof is not a clear-cut 

theme. I will limit myself to adopt here the generally shared view that, even if these concepts 

have blurred (and moving) boundaries they vary (in the order just given) from being more 

encompassing to being more restrictive (Hanna, 2014). They also vary equally in an increase of 

the epistemic strength of the inferences made in each case, in the sense of the degree of 

necessity ascribable to the conclusions obtained from the information available. 

2.1.1 Mathematics	as	a	paradigm	for	(proper)	reasoning	
The theme of reasoning in mathematics presents important differences with regard to 

reasoning in other disciplines.  One of the reasons for this, is because mathematics itself has 

constituted for centuries the paradigm of rationality, the more geometrico followed by other 

disciplines and pursued in education:  



 

31 

“the value granted to Euclidean geometry for the shaping of scientific thinking since 

the structure of the Elements was taken, by scientific research, as a proper method of 

inquiry. This is important in understanding how in the desire for making the rational 

subject through education, the scientific and mathematical rationalities have been 

inter- twined through history.”(Andrade-Molina et al., 2018). 

This conception has been integrated into the Enlightenment program16, and is still influential17 

in educational policies and research (Inglis & Attridge, 2017). So, in this view, mathematics 

plays a role as a model for reasoning and for the intellectual development, more widely 

understood. 

2.1.2 The	role	of	logic	for	the	learning	of	proof	
In another direction, it has been widely acknowledged that the learning of proof, even if 

constitutive for a comprehensive approach towards mathematical knowledge, is one of the 

most difficult aspects in mathematics learning and teaching. Which strategies use for students 

to fully understand and produce proofs has evolved in a wide literature.18 With this relevance 

of proof in mind, it has also been proposed that the learning of logic may be instrumental to 

the development of argumentation and proof competencies, even if need for further evidence 

is still recognized ( see e.g. Durand-Guerrier et al., 2011).19 

 

16 “mathematics should be studied by “all those who have time and opportunity, not so much to make them 

mathematicians as to make them reasonable creatures.” (Locke, 1706/1971 cited in Inglis and Attridge, 2017). 

17 According to Walshaw, mathematics “became naturalized, equated to thinking and hence fundamental to 

western democratic society. Indeed democratic social life, in both its structural and processual terms, and in all 

its various forms today, reveals an a priori commitment to mathematics." (Walshaw, 2018, p.161). 

18 I will limit myself to cite the two recent compilations (Hanna & de Villiers, 2011) and (A. J. Stylianides & Harel, 

2018) as well as the general perspective offered by (Hanna, 2014). 

19  (Stenning, 2002) reports on the effects of introductory logic courses at a University level. They do have cognitive 

impact in the improvement of reasoning skills, indicating also that there are important differences between 

approaches with diagrammatic and discursive formal languages.  Leighton (2006) reports logic courses having 

only moderate performance effects on reasoning if assessed with standardized tasks. 
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2.1.3 The	flaws	in	reasoning	and	their	potential	improvement	
The theme of “errors” has always been one of the driving forces in mathematics education in 

different areas. In regard to reasoning and logic, some psychological approaches and results 

have been influential. Piaget theories (Inhelder & Piaget, 1958), for instance, has led to a 

tendency to see them as part of the individual development and what has “not yet” been 

acquired in it. Even so, there is an “optimistic” view that the final stage of formal operations is 

attainable, at least in principle. 

Starting from (Wason, 1968), experimental results in psychology have challenged the 

possibility of our mastering of the norms of logic required for application in mathematics (I 

already referred to the “rationality debate” in the previous chapter). From this, one would like 

to know how our cognition works in regard, e.g., to deduction, so that didactics on logic can 

be adequately tuned to our capacities and limitations. This is problematic because modern 

generalized education may, in many aspects, itself have a significant impact in the way the 

subjects participating in experiments reason20.  

Additional to the acknowledgment of experimental results, there have been also suggestions 

to the use of different psychological approaches on reasoning such as, the “mental models”, 

“pragmatic reasoning schemas” or dual process theories  (Epp, 2003; Gillard et al., 2009; Inglis, 

2006; G. J. Stylianides & Stylianides, 2008). 

 Some	studies	on	reasoning	in	mathematics	education	
Following a chronological order, I will present some studies on reasoning/logic and 

mathematics education. They predominantly are devoted to the interpretation of conditional 

statements. 

2.2.1 Child’s	logic	vs.	Math	logic	
An early series of experimental studies of reasoning in regard to education were conducted by 

Thomas O’Brien and collaborators  (O’Brien et al., 1971; O’Brien, 1972, 1973, 1975; O’Brien & 

Shapiro, 1968; B. J. Shapiro & O’Brien, 1973). Inspired by the idea to assess the validity of 

Piagetian psychology on the development of “logical necessity”, the experiments they 

 

20 This is the main theme already in Luria (1976). In fact, Luria (as Vygotsky), see the development of thinking as 

a process of internalization, determined by environmental, social factors. 
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conducted are based on tests administered to different ages groups (from 6 years to college 

students). In (O’Brien and Shapiro, 1968) questionnaires include items on sentential logic, 

syllogisms and the use of quantifiers. Their main results go in the direction that “hypothetical-

deductive ability cannot at all be taken for granted” in children of ages 6 to 8 (O’Brien and 

Shapiro, 1968). Their subsequent research focus on the meaning of the implication. They use 

the traditional deduction schemas modus ponens (MP), modus tollens (MT), and the ones 

known in the psychological literature as affirmation of the consequent (AC) and denial of the 

antecedent (DA). Formally:  

𝐴 → 𝐵, 𝐴 ⊢ 𝐵		(MP)	 	 	

𝐴 → 𝐵,¬𝐵 ⊢ ¬𝐴		(MT)	

𝐴 → 𝐵, 𝐵 ⊢ 𝐴		(AC)	 	 	

𝐴 → 𝐵,¬𝐴 ⊢ ¬𝐵		(DA)	

 The endorsement of schemas AC and DA leads them to conclude that “it seems that subjects 

regard an 'If-then' statement as meaning 'If... and only if ...'” (O'Brien et al., 1971). They 

characterize this behaviour as using “Child’s Logic”, in contraposition to the “Math Logic” of 

the interpretation of conditionals corresponding to the material implication. Other deviations 

from the intended interpretation of implication were subsequently labelled as “semi-Child’s 

Logic” (O'Brien, 1972) and “Quasi-Child’s Logics” (Shapiro and O'Brien, 1973). 

2.2.2 Other	studies	on	conditionals	
Hoyles and Küchemann (2002) focus on the study of implication with tasks inspired by 

psychological experiments as the Wason selection (Wason, 1968)  integrating elements from 

the pragmatic reasoning schemes theory (Cheng & Holyoak, 1985). The authors deviate in their 

accounts from “the strict requirements of formal logic”.  They highlight the difference between 

material implication as part of propositional logic, and the informal “hypothetical proposition”, 

that “asserts only what is the case if its antecedent is realised”. They claim that this is a “more 

appropriate interpretation of logical implication than the former (material implication), since 

in school mathematics, students have to appreciate the consequence of an implication when 

the antecedent is taken to be true” (Hoyles and Küchemann, 2002, p. 196). 

They conclude that: 
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“This research has led us to question the value of using formal logic as a model for 

studying deduction in secondary school mathematics, that is to follow the type of 

analysis used by Inhelder and Piaget (1958) in their study of hypothetic-deductive 

reasoning among adolescents or by Wason in his selection task. We have argued that 

in the context of school mathematics, logical implication is more usefully seen as being 

primarily concerned with situations in which the antecedent is true (rather than 

material implication where one is equally concerned with the antecedent being false).”  

As (Inglis, 2006) remarks, this understanding of the conditional coincides with the “defective 

conditional” in  (Quine, 1966, p.12; Wason, 1966). 

 

Figure 1. Drawing of the maze task (from Durand-Guerrier et al., 2011). 

 

Another study on the implication is found in (Durand-Guerrier, 2003). The author studies 

different tasks, among others “the maze task”. It is about a person named X who managed to 

pass through the maze in Figure 1, never using the same door twice. Participants are asked to 

determine the truth value (“true”, “false”, or “can’t tell”) of different statements. In particular, 

the meaning of the statement "if X crossed L, then X crossed K" is controversial. According to 

Durand-Guerrier  it is possible “to take the route C, D, I, L, M, N, Q, R - in which case the 

sentence is false – or the route C, D, I, J, K, L, M, N, Q, R, in which case the sentence is true.” 

From this she concludes that “the right answer is ‘can’t tell’.” Even if this was the most frequent 
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answer among the students participating, some of the teachers who administered the task 

thought the correct answer to be "false" expressing their concerns:  

“Are they mathematical statements, which we must understand as a whole? In that 

case, the important matter is the link between the two statements and not the 

particular truth-value of each one.” (Durand-Guerrier, 2003, p. 9). 

This reveals an interpretation based in the “generalized conditional”, which is formulated in 

predicate logic as ∀𝑥(𝜑(𝑥) → 𝜓(𝑥)). “The right” notion of implication, would be for  Durand-

Guerrier what she calls “the logical implication”, namely, the model-theoretic notion of logical 

consequence. 

In (A. J. Stylianides et al., 2004) the authors claim to test experimentally the differences 

between “symbolic and  verbal contexts”. This description is quite inaccurate because in reality 

the more fundamental difference in their questions is the content, which in one case is 

mathematical and in the other case a day-to-day situation and the pragmatic context (which is 

of proof in the first case and not in the second). More importantly, they compare the 

evaluation of a one-step proof by contraposition in mathematics with the application of the 

inference schemas modus tollens (MT) and denial of the antecedent (DA) in a day-to-day 

situation under the assumption that they share a “common logical structure”. Leaving apart 

the DA question, which has no corresponding “symbolic” question for comparison, this 

assumption is problematic because using the contraposition law and using the modus tollens 

inference schema have not exactly the same structure. The first one is of the form: 

 𝛼 → 𝛽 ⊢ ¬𝛽 → ¬𝛼  

whereas the second corresponds to: 

 𝛼 → 𝛽,¬𝛽 ⊢ ¬𝛼 

They are in fact equivalent in classical logic21 but it is not necessarily the case in other logical 

systems. Furthermore, it is highly contentious to assume that this change has no psychological 

effect. All in all, the compared conditions present changes in the content, in the pragmatic 

context, in the logical form, in the semiotic registers (semi-symbolic vs. verbal) and in the 

 

21 In usual presentations with formal systems this is shown by a simple use of the deduction theorem, but also it 
may be seen from a semantic point of view of inference. 
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format of the answers menu (3 options vs. 4 options), from which it is difficult to establish 

which factors have which effects in the results. 

(Inglis, 2006) is a doctoral dissertation which studies also the use of conditionals but with quite 

different aims, namely, to provide a description of how “successful mathematicians” evaluate 

them. The author reviews the previous literature on reasoning in mathematics education 

discussing different interpretations of conditionals. Making use of Toulmin’s model analyses 

he proposes an account based on a modified version of the Ramsey test. 

In fact, (Toulmin, 1958) model of argument is extensively used in mathematical education as a 

general framework for different kinds of reasoning, including plausible reasoning, abductive 

reasoning and analyses of different kinds of proof. 

2.2.3 Examples	and	counterexamples	for	proof	
Examples play a pivotal role in education at all levels. In the context of proof, there has been 

some discrepancy between the positive and negative role that they may play to arrive to a 

well-established proof. Observation of particular examples may be a heuristically inspiring 

principle (Pólya, 1954), but premature attachment to them may be an obstacle to reach a fully 

general argument. The role of examples for proof may be distinguished between the levels of 

"naive empiricism" (arbitrarily picking a few example cases to test), using a "crucial 

experiment" (picking carefully an example to test) and a "generic example" (Balacheff, 1988). 

Counterexamples play also a role in the emergence of mathematical results and formulation 

of theories. Through them, refutations are established and theoretical refinements 

constructed (Lakatos, 1976). Didactically, argumentation is developed, and possible mistaken 

overgeneralizations delimited.22 

The mathematics education literature has recently addressed the role of examples and 

counterexamples (see, for example Mason & Watson, 2005, or the two special issues on “The 

Role and Use of Examples in Mathematics Education” (2008) and “Examples in mathematical 

 

22 Even so, according to (Zaslavsky & Ron, 1998) : “Students often feel that a counter-example is an exception that 

does not really refute the statement in question”. See also (Jahnke, 2008) and section 9.5.1 below on “exception 

tolerance”. 
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thinking and learning from an educational perspective” (2011) in the journals ESM and ZDM). 

The formation and exploration of an “example space” (Watson & Mason, 2005) associated to 

a mathematical concept is essential to mathematical thought, and fundamental for learning: 

“Examples can therefore usefully be seen as cultural mediating tools between learners 

and mathematical concepts, theorems, and techniques. They are a major means for 

‘making contact’ with abstract ideas and a major means of mathematical 

communication, whether ‘with oneself’, or with others. Examples can also provide 

context, while the variation in examples can help learners distinguish essential from 

incidental features and, if well selected, the range over which that variation is 

permitted.” (Goldenberg and Mason, 2008).  

From the logical point of view, of course, the passage from the particular to the universal is 

problematic and not allowed in principle in classical logic. This passage requires the mastering, 

of semiotic mediations, depending on different contexts (for example in algebra, in geometry 

or in probabilities) which allows to determine what is and what is not arbitrary in a given 

representation.23 

The theme of examples and counterexamples will be crucial in chapter 6. I will explore their 

role in reasoning in the well delimited context of (Aristotelian) syllogisms. This restricted case, 

though, offers already insights into how examples and counterexamples are mediators 

towards the concept of logical consequence, in the semantic model-theoretic sense. 

 Discussion	on	the	approaches	to	reasoning	and	logic	in	the	educational	
literature		

The examples from the literature examined may help us to understand some general trends 

on the study of reasoning in mathematics education. There is a generalized tendency to start 

from the identification of logic with classical logic, and to see it as the only benchmark for 

assessing the “correctness” of reasoning. Results are then usually interpreted as deviating from 

this fixed norm.  

 

23 This is related to the transition between extensional and intensional reasoning, the theme of the next chapter. 
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In this sense, I believe that characterizations such as talking of a “Child’s Logic”, in contrast to 

a “Maths logic” may be misleading in several ways: on one hand, treating this form of reasoning 

as a “poor man’s logic” in the absence of full acquisition of classical logic, and not as a 

phenomenon that can be characterized, explained, and even justified on its own, as I intend to 

elaborate in the next chapters. 

 On the other hand, the use of this kind of logic is not at all restricted to a certain 

developmental stage as this name (“child”) suggests. The results from O’Brien and 

collaborators in fact already acknowledge this fact showing that it is also present at college 

level (O’Brien, 1973). It may well be thought as a fundamental component of mature thought, 

which is not to say that all mature though reduces to it. 

I see a similar trend in the position hold by Durand-Guerrier in attempting to establish “the 

right notion of implication”. She makes the important point that in order to have a more 

adequate understanding of the reasoning required in most mathematical situations, it is 

important to use first order language, more expressive than propositional logic. After all, the 

main driving force in the development of predicate logic was the formalization of mathematics. 

She also highlights the semantic aspects as being crucial for reasoning and logical analyses.24 

 Nevertheless, her emphasis goes in the direction of the existence of a unique correct 

interpretation of tasks (as the maze task above) and a unique “right” answer for them. There 

may be several communication implicit assumptions in a given context, and interpretations 

such as the generalized conditional (which Durand-Guerrier considers mistaken) may be 

legitimate from them, especially if the task is underdetermined and doesn’t provide clues on 

 

24 In contraposition to analyses based on the assumption that logic is primarily concerned with syntactic, proof-

theoretic inference, as seen Duval (1991). For him, informal argumentation obstructs the learning of 

(mathematical) proof because proof is dominated by deductive aspects without consideration of semantics: 

“propositions do not enter directly by reason of their content, but rather through their operational status”. For 

Weber & Alcock (2004) also, logic is placed on the syntactic side: “We define a syntactic proof production as one 

which is written solely by manipulating correctly stated definitions and other relevant facts in a logically 

permissible way”. 
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which the intended interpretation is. Furthermore, in different contexts, also in mathematics, 

different levels of analysis may be possible and this may require the use of diverging logical 

tools, including the propositional connectives. It has become customary in different countries, 

for instance, to approach the topic of Boolean connectives (including truth tables or electrical 

circuits interpretations) in learning the basics of computer programming in secondary school. 

Even if the significance of the Tarskian definition of the entailment relation is out of dispute, 

Durand-Guerrier seems to assume that there is an ultimate normative account in logic for the 

meaning of conditionals in all mathematical contexts. Even more, she seems to substantiate 

this assumption from experimental and didactic motivations: 

“Our analyses and experiments show clearly that the right notion of implication for 

mathematics is the logical implication, as defined in elementary model theory, for it 

captures most of the didactical questions aroused while studying the use and 

understanding of implication.” 

This argumentation, to my view, conflates the descriptive, the normative and the didactical 

levels, which not necessarily coincide and that may well require different logical tools for their 

analyses. 

This distinction is acknowledged by the observation from Hoyles and Küchemann about the 

use of the “defective conditional” for educational purposes, and the proposal from Inglis 

(2006) of understanding how implication is used in doing “real matematics”.25 That other logics 

beyond classical logic, may play a positive role for mathematics education, has been rarely 

developed, or even suggested in the field.26 

 

25 Rav (1999, p.13) remarks that traditional classical logic is not enough for rendering what “goes on” in proving: 

“One does not even think about rules of logic in writing or reading a proof [...] A proof in mainstream mathematics 

is set forth as a sequence of claims, where the passage from one claim to another is based on drawing 

consequences on the basis of meanings or through accepted symbol manipulation, not by citing rules of predicate 

logic” 

26 Two exception, besides (Inglis, 2006), are found in (D’Amore, 2005) and (Lombardi, 2016).  
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This may be so, in part, because most of the mathematics education literature on reasoning 

has focused on proof27. The educational goal of acquiring the notion of proof, I agree, is highly 

desirable in constructing a sense of what mathematics is about. What I claim is that a previous, 

more fundamental step in research is to describe and understand different tipologies of 

reasoning: only then we can formulate effective strategies for the acquisition of the reasoning 

tools needed for the acquisition of classical logic and proof as normative stances. This 

acquisition is not to be thought as a logic which should be established once and for all leaving 

apart all kind of imprecise, “child’s” and erroneous thought. Different kinds of thought can 

succeed each other in a back and forth highly dependent from the inputs we receive from the 

environment, from the particular situation which demands a reasoning process from us.    

The fact that logic is taken in the unique sense of classical logic has led to absolute positions 

both at the level of cognitive analyses, and at the level of the subject itself as is presented to 

pupils. This includes the notion of “error” that is transmitted to them. It is worth considering 

in this respect the words from Radford & Barwell, (2016): 

 “Mathematics education is still mostly conceived of in terms of unquestioned forms of 

alterity. What is transmissive education, if it not a form of colonization of the mind? 

Perhaps less obviously, progressive education can be seen in the same light: the 

imposition of a particular view of students, teachers and mathematics. The starting 

point for the development of a more dialogic approach is the awareness of the value 

of the Other, and an acceptance of heteroglossia as a normal state of affairs.” 

 

27 “much of the literature on mathematics teaching refers to them as one entity called ‘reasoning and proof.’” 

(Hanna, 2014). 
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 Intensional	and	

extensional	reasoning	

 

This chapter expIores different aspects of the fundamental opposition between extensionality 

and intensionality in reasoning. It starts with philosophy and mathematics, to see that these 

concepts relationships are not totally unproblematic. I review then the use of the terms in 

psychology and in logic. I finally present some connections with problems in mathematics 

education. 

 “Sinn”	and	“Bedeutung”	 
We humans are seekers for meaning. And Education is valuable only if it conveys meanings, 

understanding, insights and not only rote information or procedures. But “meaning” has 

different meanings. One of the foundational writings on modern semantics is Über Sinn und 

Bedeutung  (1892) where the author makes the key distinction between Sinn (“sense”28) and 

Bedeutung (“reference”). 

He famously exemplified this distinction by noticing that “the evening star” and “the morning 

star” refer to the same element (the planet Venus). The reference of the two expressions is 

the same, but “the evening star” has a different sense from “the morning star”.  

Frege made this distinction in the context of the study of signs, but it is similar to the definition 

of “compréhension” and “étendue” (comprehension and extension) present in the Port Royal- 

Logic 29. 

 

28 I will use the translation “sense” in (Frege, 1952) over “meaning” (Frege, 1988). 
29 Like all crucial dichotomies, we could even go further. We can see, for instance, also similar oppositions in the 

scholastic debate on the Universals between Realism and Nominalism. Modern versions of nominalism, like  

(Quine, 1986)  are in fact extreme versions of extensionalism. 
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The distinction between ‘compréhension’ and ‘étendue’ (comprehension and extension) is 

explicitly made in the following terms: 

“Now in these universal ideas there are two things which it is most important to 

distinguish clearly, the comprehension and the extension. 

I call the comprehension of an idea the attributes that it contains in itself, and that 

cannot be removed without destroying the idea. For example, the comprehension of 

the idea of a triangle contains extension, shape, three lines, three angles, and the 

equality of these three angles to two right angles, etc. I call the extension of an idea the 

subjects to which this idea applies. These are also called the inferiors of a general term, 

which is superior with respect to them. For example, the idea of a triangle in general 

extends to all the different species of triangles.” (Arnauld & Nicole, 1996, p.39) 

The primary interest of Frege was not Venus (neither at the evening or the morning) but the 

foundation of mathematics.30 Frege was concerned about these two aspects of a concept and 

postulated that there was in fact a perfect correspondence between them in his Basic Law V 

of his Grundgesetze der Arithmetik (1893/1903). From it, it may be derived as a particular case 

that for concepts 𝐹 and 𝐺, the two sets defined by them (i.e., the extensions of the two 

concepts) are the same if and only if exactly the same objects fall under the two concepts. 

From this, every expressible property defines a set (the unrestricted principle of 

comprehension). In naïve set theory this is usually stated by saying that every set may be 

defined either extensionally (e.g. as {2, 4, 6, 8, 10}) or intensionally ({x|x is an even natural 

number and 1 < x < 11}). For finite sets, like these, using the comprehension principle is not 

problematic. Nevertheless, as is well known, Frege’s principle, the idea that an intensional 

concept may at the end be defined extensionally and that every concept defines exactly a set, 

 

30 According to Wittgenstein, who visited him several times, “Frege would never talk about anything but logic and 

mathematics, if I started on some other subject, he would say something polite and then plunge back into logic 

and mathematics.”  (Included in Geach, 1961). 
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was challenged by Russell’s paradox. The predicate “being a set member of itself” leads to 

contradictions. 

The subsequent axiomatizations of set theory including the now standard system ZF (for 

“Zermelo-Frankel”) restrict the idea that a property (or a formula) defines a set, to the “Axiom 

of Separation”31, that every first order formula defines a subset from an already given set. 

ZF is also eminently extensional in the sense that the language is restricted to the membership 

relation and sets are completely determined by their elements. 

3.1.1 Shoes	and	socks	
That the correspondence between extension and intension (or comprehension) is not anymore 

conceivable as total, is also shown by the debate around another set-theoretic axiom: the 

Axiom of Choice. 

Given a family of non-empty sets, it allows us to select an element of every one of them (this 

is called a “choice function”), and to form a set with them.  

The axiom is only required for infinite collections of sets, as Russell illustrated it with the 

following example: given an infinite collection of pairs of shoes, it is possible to provide a rule 

for picking out a shoe from each pair. It is possible, for instance  to select “the left shoe” from 

each pair, and it is possible to form a set from all the left shoes.   

In the case of the socks, instead, this is not possible. The two socks of each pair are 

indistinguishable, so it is impossible to provide a rule or a description for selecting one sock 

from each pair. The axiom of choice is required to obtain a choice function. For selecting the 

shoes we have an intensional description, unlike for the socks. 

The axiom of choice is a source of objects in mathematics for which there is no rule, no 

description, no “construction”. These objects have extension, but no intensional counterpart. 

They don’t have sense, in the Fregean sense, or they have no more sense or meaning than 

their extension. This puzzled many mathematicians, as we will see next.  

 

31 Strictly speaking, an axiom schema, namely, one axiom for each first order formula. 
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3.1.2 On	the	concept	of	function	
The concept of function is probably the most central in modern mathematics. It lies at the basis 

of the calculus and the term was introduced by Leibniz (1646-1716) himself. A further and 

more systematic elaboration of the achievements of analysis is found in Euler (1707-1783). 

Functions were defined only by explicit expressions: 

“A function of a variable quantity is an analytic expression composed in any way 

whatsoever of the variable quantity and numbers or constant quantities.” (Euler, 2012, 

p.3).  

This notion captured the idea of a function as a “rule” given by its formula. The more general 

(currently used) definition by Dirichlet (1805-1859) separated the concept of function from its 

analytical representation. In 1837, he proposed his definition in terms of an “arbitrary” 

correspondence between variables ranging on numerical sets. Most of the functions studied 

in analysis continued to be predominantly continuous and derivable and the functions that 

didn’t fulfill these properties tended to be dismissed (Hermite talked about “the lamentable 

plague of functions without derivatives”32). 

This was challenged at the turn of the 20th century by the definition of new families of 

functions for which a new, more encompassing theory of integration was created by Lebesgue. 

Lebesgue established his own criterion for what constitutes a function, which is much more 

general than Euler’s, but still based in what can be defined (intensionally) by a “characteristic 

property”: 

“I will try never to speak of a function without defining it effectively. . . An object is 

defined or given when one has said a finite number of words applying to this object and 

only to this one; that is when one has named [nommé] a characteristic property of the 

object” (Graham & Kantor, 2009, p.49). 

 

32  (Graham, and Kantor, 2009, p. 40). 
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The debate was heated with Zermelo’s formulation of the Axiom of Choice, which had 

important consequences for the theory of integration. Lebesgue, again, was convinced that 

intensional properties were required:  

“Can we convince ourselves of the existence of a mathematical object without defining 

it? To define always means naming a characteristic property of what is being defined” 

(Graham, and Kantor, 2009, p. 58). 

The non-constructive character of the Axiom of Choice led to a heated controversy33 and many 

considered that it could be even inconsistent (until Gödel proved in 1938 its consistency 

relative to the other axioms of set theory).  

Unlike many of his colleges in Analysis,  Hadamard didn’t refuse completely the Axiom of 

Choice, but attributed its reliability  to extra-matematical criteria: “the question of what is a 

correspondence that can be described is a matter of psychology and relates to a property of 

the mind outside the domain of mathematics” (Graham, and Kantor, 2009, p. 57). 

Psychology hasn’t worried much about choice functions, but it has occupied itself with the 

concepts of intensionality and extensionality. 

 Intensional	and	extensional	reasoning	in	psychology	

3.2.1 Piaget	
In (Inhelder & Piaget, 1964) the authors deal explicitly with the extensional/intensional duality. 

For them “all nouns and adjectives divide reality into classes” (p. 2). Classes may be defined 

both by their ‘intension’ and by their ‘extension’. This distinction is not perfected until the 

stage of equilibrium reached at 9-10 years” (Inhelder and Piaget, 1964, p.7). At this stage, both 

notions match with each other, as was Frege’s dream.  In fact: “the intension of each class 

uniquely determines its extension” (Inhelder and Piaget 1964, p. 44).  

Let us examine one of the many experiments conducted by the authors to see the 

development of individuals in these aspects. They used 20 pictures classifiable as follows: four 

showed coloured objects and 16 showed flowers. Eight of these were primulas. Half of the 

 

33  Borel was of the opinion that “such reasoning does not belong to mathematics” (Graham, and Kantor, 2009, p. 

57). 
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primulas were yellow, and the other half had different colours. This gives us the following 

sequence of class-inclusions: yellow primulas < primulas < flowers < flowers and other objects. 

To the question “If a little girl makes up a bunch out of all the flowers, can she put the primulas 

in it?” the answer by 6 year olds is “Yes”. Nevertheless, if they are asked next: “Then are there 

more flowers or more primulas?” they typically answer: “both the same” (p. 101-102)34. 

This discrepancy leads the authors to talk about the inability, at this stage, “to co-ordinate 

intension and extension”. 

Several authors criticize the conclusions extracted, in the sense that children may be intending 

the question in a different sense from the experimenters. They know that primulas are flowers, 

as is indicated by the first question. But they may be answering the second question attending 

to the relevance of the question itself. The answer to the question, taken in the literal sense, 

may be so obvious that they may be going beyond it. Otherwise, what could explain an adult 

posing such silly questions? Similar considerations have been examined in regard to other 

Piagetian tasks, as for example the task on the conservation of quantity (Piaget, 1965)35. If the 

experiment is realized in a context where the question posed is relevant young children do 

answer according to the conservation of number (McGarrigle & Donaldson, 1974). 

3.2.2 Heuristics	and	biases	
As already mentioned in Chapter 1, one of the preferred topics in the rationality debate was 

about the “biases” in reasoning and making decisions as developed by the celebrated 

psychologists Tversky and Kahneman. 

 

34 Also: “and more primulas or more yellow primulas?” with answer: “both the same”. 

35 Two rows of the same number of marbles are placed in parallel with the same total length and adjacent items 

maintaining the same distance between them. The experimenter asks: “Is it the same thing, or does one row have 

more marbles?”. He then modifies one of the rows stretching it and asks the same question again. Usually, 4 and 

5-year-old children answer that they are the same thing to the first answer and that the longer row have more 

marbles than the second to the second answer. 
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Most of these biases consist in violations of laws of probability theory. Humans don’t reason 

according to these laws, but most of the time they rely on other strategies (heuristics). This 

theme is connected with the intensional/extensional opposition36 because 

“the laws of probability derive from extensional considerations. A probability measure 

is defined on a family of events and each event is construed as a set of possibilities…” 

(Tversky & Kahneman, 1983). 

The authors introduce this theme as a framework for the study of the “conjunction fallacy”, 

which will be studied (at various school levels) in chapter 8 (with some further discussion in 

chapter 9).  

Among the many problems for the study this phenomenon is the well-known Linda problem 

(section 8.4.3). As noticed in (Hertwig, 1995), this problem is connected with Piaget’s problem 

of the flowers and the primulas because both are violations of the properties of the inclusion 

(extensionally intended). In fact, according to Tversky and Kahneman,  

“the simplest and most fundamental qualitative law of probability is the extension rule: 

If the extension of 𝐴 includes the extension of 𝐵 (i.e.,  𝐴 ⊃ 𝐵) then 𝑃(𝐴) ≥ 𝑃(𝐵).” 

I will study the topic with the aim of understanding the reasoning patterns in children and 

adolescents and what their motivations may be for their reasoning, but also from an 

educational perspective. In fact, the problem of the acquisition of the intended normative 

standards in this case may be approached by asking which conditions more fruitfully elicit a 

behaviour in accord with those norms. 

Tversky and Kahneman noticed already that the replacement of percentages by frequencies 

had an effect and that “The force of the conjunction rule is more readily appreciated when the 

conjunctions are defined by the intersection of concrete classes than by combination of 

properties.” This means by extensional, and not by intensional representations, as I will discuss 

next. 

 

36 The authors talk about “extensional vs. intuitive reasoning” (Tversky & Kahneman, 1983). 
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3.2.3 Natural	 frequencies	 and	 extensional	 representations	 in	 probabilistic	
reasoning	

The use of extensional representations has been systematically studied in the context of 

probabilistic reasoning, by Gigerenzer and his collaborators with an important concern with 

statistical literacy and education. The approach consists in the use of “natural frequencies”. 

By natural frequencies formats in probabilistic reasoning are intended frequencies obtained 

by natural sampling preserving base rate and sub-sample information. Whole numbers are 

used, instead of decimal representations or percentages. Thus, samples are not standardized, 

and sub-samples are not normalized at each step of reasoning, as is done in usual probabilistic 

presentations. This has been applied to situations such as that of the mammography task (see 

subsection 8.4.3). In this case, for instance, we do not talk about a probability of 1% of having 

the disease and a probability of 90% of having a positive test given that the patient is ill. 

Instead, this information is translated into: “imagine 1000 women. Out of these 1000, 10 have 

the disease, and out of these 10, 9 have a positive test”.  

Natural frequency formats for probabilistic reasoning were introduced in the ’90s (Gigerenzer 

& Hoffrage, 1995; Hertwig, 1995; Kleiter, 1994). They proved successful in eliciting normatively 

correct responses in probabilistic37 situations, notably in regard to conditional frequency 

reasoning (Gigerenzer & Hoffrage, 1995) and probabilistic conjunctions (Hertwig, 1995). This 

success matches the premises of “ecological rationality” in the sense that humans’ reasoning 

is adapted to information formats similar to those available in natural environments.  

These results motivate an educational program which explores the possibility of improving 

students’ skills at reasoning by matching pedagogical strategies to cognitive processes, a 

program that I adopt as a general framework in chapters 6, 8 and 9.   

3.2.4 Discourse	understanding	as	intensional	reasoning	
Most of the conventional reasoning tasks studied in psychology occur in a context of 

communication, and in particular of language communication. This entails, again, an 

indispensable process of interpretation that occurs (mostly) at an unconscious level. In order 

to answering any reasoning task, we need to interpret it in context, and this entails a lot of 

 

37 It would be more correct to talk about “uncertainty situations”, a more comprehensive concept. Nevertheless 

I will follow the mathematics education use of “probabilistic”. 
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discourse understanding. Even when we reason extensionally, this is needed, and as Stenning, 

Martignon and Varga (2017) pose it: “extensional reasoning has to be embedded in intensional 

processes of interpretation to be properly understood”. Intuitively, it is clear that discourse 

understanding is a paradigmatic case of intensional reasoning. It deals with concepts, with 

meanings, with narratives. Interpreting, in this sense, is the process of forming a model of the 

current situation, usually in situations of limited information and usually under time 

constraints. In the next chapter I will present logic programming as a special logic for this, in 

contraposition to classical logic which is characteristically extensional. Here it’s worth 

mentioning that discourse understanding is modelled intensionally in this framework, as an 

activation in the semantic memory/background knowledge which is represented as a 

knowledge base. This knowledge base is constituted by conditionals which are defeasible, 

which means that new information may produce an update in the current model and 

previously active conditionals may be “deactivated”, making the logic non-monotonic. 

Discourse interpretation has in common with planning the fact that it requires a defeasible 

single model for the current situation. In fact, Stenning and van Lambalgen advance the 

hypothesis that  

“the intensification of humans’ focus on reasoning about the intentions of conspecifics, 

and particularly their communicative intentions, arose as an outgrowth of existing 

capacities for reasoning in other kinds of planning” (Stenning and van Lambalgen, 2008, 

p. 165). 

Chapter 6, on syllogisms, will deal with the fact that our primary way of reasoning in 

conventional psychological tasks involves interpretation and is close to discourse processing. 

It will show how extensional interpretations may emerge under different contexts, something 

analogous to what happens eliciting probabilistic reasoning through changes in the 

representation formats, as indicated above about probabilities. In fact, 

“classical logic requires an extensional representation of concepts as sets, hence inter 

alia assumes that it is fully determined whether an object falls under the concept or 

not. It is much more plausible to assume that concepts are represented cognitively as 

algorithms which test whether or not the object falls under the concept, that is, 

intensionally, not extensionally” (Stenning and van Lambalgen, 2008, p. 177). 
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 Relevance	for	mathematics	education	
I will now present different connections with the concepts seen in in this chapter that appear 

in the mathematics education literature. 

3.3.1 The	concept	of	set	
 Fischbein & Baltsan (1998) analyze the misconceptions on set-theoretic notions at Grade 8, 

Grade 10 and with prospective teachers observing that the proportion of answers presenting 

them increases in general with age. The authors pose questions asking for the possibility of 

having empty sets, sets with only one element, the conditions for two sets being equal, 

whether a set may be constituted by elements not related conceptually and whether repeated 

elements are counted only once. They obtained low endorsement rates of extensional 

“correct” interpretations. The authors remark, in particular that there is a generalized 

tendency to conceive a set as “a collection of objects having some common property” and that 

a set must be composed from more than one element (rejecting the idea of an empty set or of 

a single element set). Here, clearly, students interpret sets intensionally. Sets are not only 

some objects together, but these objects are put together under a criterion, in a meaningful 

way. The authors interpret the results, explaining how the concept of set is frequently 

introduced through the intuitive representation of a “collection”. 

3.3.2 The	concept	of	chance	
Suppose we are tossing a fair coin four times in a row. The first three times head came up. In 

the next time the probability of getting heads is larger, equal or lower than getting tails? 

Typically subjects answer to this question falling for “the gamblers fallacy”, also at school level 

(Fischbein & Schnarch, 1997). It is very common that students conceptualize random 

phenomena not extensionally, but intensionally, referring to some kind of property or concept 

like that of “justice” or “compensation” (Inhelder & Piaget, 1975, p. 66). 

It is also interesting that the concept of chance is mediated by the idea of what is not 

describable in terms of a regularity (which is intensional). Using the same example of a series 

of coin tosses, a sequence of the kind “HTHTHTH” would be judged by subjects as being “too 

regular” (Kahneman & Tversky, 1972) this phenomenon in terms of the representativeness 

heuristic. 
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3.3.3 The	concept	of	function	
We saw above how difficult was for mathematicians to adopt a “full generality” extensional 

viewpoint in regard to functions in analysis. Intuition is here more on the side of intensional 

conceptualizations. Sfard summarizes how this is present educationally: 

“studies have repeatedly shown that the overwhelming majority of high school 

students tend to believe in the algorithmic nature of functions. This conviction persists 

in spite of the fact that the definition, which most of the learners can repeat without 

difficulty, does not require any kind of behavioral ‘regularity.’” (Sfard, 2008, p.16) 

Is this kind of intensional understanding just a mistake, an error? In general, mathematics 

educators adopt a more tolerant position: after all, in the intuitive position adopted by most 

of the students they are in very good company (Euler, Hermite, Lebesgue…). As advocated by 

Ponte: 

“In pedagogical terms, it seems appropriate to present functions as correspondences 

between numerical sets. The "well-behaved" examples, for which there is an analytical 

expression or a simple rule, must be clearly emphasized in school mathematics. The 

identification of functions with analytical expressions, which some students will be 

likely to make, does not need to be seen as a "big mistake." It is, as history tells us, a 

natural and fecund association that does not give rise to any particular difficulties at an 

elementary level. Those few students who will need a more sophisticated concept, will 

certainly have further opportunities to come back to the notion of function and enlarge 

and refine it.” (Ponte, 1992). 

Different conceptualizations of functions may be adopted according to the scholarly level. I 

would even not use here the term “mistake”, even if it is “not big”. They are not “wrong”: they 

are contextual. As Sfard proposes in dealing with this kind of misconceptions we should “rather 

than asking whether students understand …ask how they understand.” (Sfard, 2008, p.21). 

3.3.4 Proof	and	explanation	
Proofs are often seen as the guarantee for the truth of mathematical statements. This is the 

justificatory aspect of proof. Nevertheless, the explanatory value of proof has also been 

stressed  both by mathematicians and by mathematics educators as seen in (Hanna, 2018) and  

(Hanna, 2000) 
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Particularly revealing for us here is the fact that “explanatoriness” is related to the intensional 

nature of “characterizing properties”, not dissimilar to those already described in the contexts 

of sets and functions.  

“an explanatory proof makes reference to a characterizing property of an entity or structure 

mentioned in the theorem, such that from the proof it is evident that the result depends on 

the property” (Steiner, 1978).38 

Similarly, for (Lange, 2014)39  the notion of explanatory proof emerges “in a context where 

some feature of the result is salient”. 

Mathematical knowledge, in this view, emerges from properties from concepts, and not only 

from objects. Conceptualizations that have been historically present such as the notion of 

“theorems that admit exceptions” (Jahnke (2008); see also section 9.5.1 below) illustrate how 

the essential are the concepts, the structural relations. Exceptions are “just” extensional 

details which may be overridden, in front of the essential, intensional content. 

 Extensionalism:	A	foundationalist	atomistic	paradigm	
Extensional interpretations in mathematics and science form part of a search of ultimate 

foundations, reached through decomposition and reduction of structures and concepts in 

ultimate atomic components. Geometry passed through such a debate in its foundation 

passing from the Aristotelian continuum which had no ultimate constituents, to the Euclidean 

systematization which is point-based. Points are atoms, “a point is that which has no part”, 

according to Euclid. Similar programs are the arithmetization process of analysis and, more 

recently, the logicism program for founding mathematics. This foundational tradition, 

intimately tied to analytic philosophy, motivated also the set-theoretic approach, today 

generally accepted as the framework of mathematics.40 Similarly, referential theories of 

meaning in philosophy and linguistics have attempted to reduce meaning to Frege’s 

Bedeutung. 

 

38 Cited in (Hanna, 2018). 
39 Cited in (Hanna, 2018). 
40 It is worth remembering that a synthetic counterpart of this program is possible (Zalamea, 2012). Contemporary 

mathematics offers tools such as category theory, for the understanding of interactions between structures, 

without an element-based definition of these structures. 
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In this thesis, intensional and extensional approaches are seen as complementary: none of 

them captures the totality of aspects of meaning or is uniquely “correct”. Both kinds of 

approaches have a relative but non-arbitrary character. Both are necessary, but their 

applicability is contextual, local, as I tried to illustrate in mathematics, psychology and maths 

education. This idea will come back again: the complexity of human reasoning is not reducible 

to just one logic.  
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 A	pluralistic	view	on	

logic	

In Chapter 1 I adopted the definition of reasoning as the process of drawing inferences from 

some initial information. So, what is logic? Is it not the science of the correct reasoning? Then 

there is a correct and an incorrect reasoning, and logic tells us which is which. This is the 

traditional view of logic as a normative discipline. I will adopt a wider conception in which logic 

has still a normative aspect, but where there may be different norms (different logics). Besides, 

this, logics can be used in a descriptive way. They may model different ways in which reasoning 

occurs.  

 What	is	classical	logic?	
More than a decade before publishing his ideas on Sinn and Bedeutung, Frege had already  

published his Begriffsschrift (Frege, 1879). In it we find in essence what is known as classical 

logic, a system of first order logic independently developed also by Peirce. This logic was new, 

but encompassed different fragments already studied by the Greek philosophers, as the 

Aristotelian syllogisms and the propositional logic with the usual definition of connectives. It 

also comprised general principles already formulated in Antiquity, like the principle of excluded 

middle and the principle of contradiction. According to current use, I will use loosely the term 

“classical logic” to refer to first order classical logic in any of its many presentations, but also 

to any of these fragments.41 

Traditionally, classical logic has been conceived as the logic suggested as the ideal for guiding 

reasoning (recently  Quine (1986) defended such position).42 

 

41 A more general and precise notion of “classical logic” is proposed for example in (Gabbay, 1994). 
42 Barwise ironized on Quine’s position affirming that: “As logicians we do our subject a disservice by convincing 

others that logic is first-order logic and then convincing them that almost none of the concepts of modern 

mathematics can really be captured in first-order logic.” 
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Of course, if something is called “classical” is because something else appeared later. Many 

non-classical logics were developed with many different purposes during the 20th century 

rendering the term so encompassing that requires qualification in order to be descriptive: 

saying that a logic is non-classical is like a taxonomist classifying an animal as a “non-dog”. 

4.1.1 Semantic	definition	of	logical	consequence	
The standard view on logic is also characterized by a clear separation of syntax and semantics. 

Here, semantics is understood in the standard model-theoretic definition of truth (Tarski, 

1936). Based on this definition of “truth” or “satisfaction in a model”, a semantic definition of 

deduction or logical consequence is defined: a sentence 𝜑 follows from set of sentences 𝛤 

(indicated as 𝛤 ⊨ 𝜑) if and only if every model of 𝛤 is also a model of 𝜑. 

For Tarski, 

“In considerations of a general theoretical nature the proper concept of consequence 

must be placed in the foreground.” (Tarski, 1936) 

This will be in fact for many logicians, not only one more aspect of logic, but the very core of 

what constitutes a logic. 

 Logical	Pluralism		
As I previously mentioned, non-classical logics widely enlarged and diversified the concept of 

what is meant by “a logic”. As the field continues to grow and complexify, there is no cut and 

dried definition at hand. Nevertheless, some general core aspects are generally recognized as 

fundamental, among them the concept of logical consequence. I just mentioned Tarski’s 

definition. But it is not the only possible one: 

 “the view that there is more than one genuine deductive consequence relation, and 

that this plurality arises not merely because there are different languages, but rather 

arises even within the kinds of claims expressed in the one language.” (Beall & Restall, 

2006 p.3) 

Similarly, Shapiro (2014) acknowledges the legitimacy of different notions of logical 

consequence, whose choice depends on the goals pursued: 

“there are different, mutually incompatible, but equally legitimate ways to sharpen or 

further articulate the intuitive notion(s) of logical consequence and validity. Absent a 
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specific theoretical purpose, there is no need to choose between the various 

articulations and sharpenings.” 

In fact, Shapiro (2014) argues that “the terms ‘logical consequence’ and ‘validity’ are 

polysemous or, perhaps better, they express cluster concepts. A number of different, closely 

related notions go by those names.”  

Classical logic has its specific aims and properties and is suitable for some crucial aspects of 

mathematical and scientific reasoning. But even in this last case it is disputable that first order 

classical logic, is the only, all-encompassing logical approach, as may be seen by the use of 

intuitionistic logic (which captures the notion of constructible mathematics) or second order 

logic (S. Shapiro, 1991), just to mention two well-known examples.  

Another sense in which it is possible to talk of pluralism is that logic is a mathematical 

discipline, and as such it provides tools for modeling “real-world” phenomena. This conception 

of “logic-as-model” is particularly relevant for the cognitive study of reasoning. Specific aspects 

of a logical system may be more or less appropriate to describe or to predict the target 

phenomenon, the same way that occurs with mathematical models in physics or biology.  

As Barwise put it in the introduction of  (Barwise & Feferman eds., 1985): 

“First-order logic is just an artificial language constructed to help investigate logic, 

much as the telescope is a tool constructed to help study heavenly bodies. From the 

perspective of the mathematician in the street, the first-order thesis is like the claim 

that astronomy is the study of the telescope.”  

In fact, according to Shapiro, 

“The pluralism emerges from the observation that, with models, there are tradeoffs to 

be negotiated. One model may be simpler and easier to work with, but more idealized; 

another more realistic but more cumbersome.” (Shapiro, p.2) 

These kinds of trade-offs will be considered in regard with the logics used here. In particular 

the trade-off between expressivity and computability will be a main theme in chapter 9 within 

the framework of bounded rationality. 
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4.2.1 The	cognitive	turn	
Reasoning has been understood, also in psychology, from a conception of logic limited to its 

classical version. This is reflected in the fact that all deviations from this kind of logic has been 

and are widely considered only in their aspects of “biases”, “fallacies” or “errors”. The logic-

as-model conception may help us establish a new paradigm on how we understand logical 

tools in regard reasoning processes, one based on the notion of interpretation, framing and 

context dependence. Integrating multiple logics can helps us to deal with the complexity of 

real phenomena in a non-reductive way. 

This transformation is already in course: “modern logic is undergoing a cognitive turn” (van 

Bethem, 2008). New logical tools have been created for modeling reasoning, intended as 

information processing in contexts of incomplete information and computational constraints.  

Different logics are required because different kinds of reasoning are mobilized depending on 

the demands of the context. In this regard, I have already referred to the idea of Stenning and 

van Lambalgen of distinguishing the processes of “reasoning to an interpretation” and 

“reasoning from an interpretation”. There is no “general purpose” logic to describe reasoning 

in all situations, ignoring the interpretational process demanded at a first stage. Stenning and 

van Lambalgen (2008, p.20) see interpretation as a “parameter setting” in the sense of fixing a 

logic. The variation of logics may be analyzed along three different dimensions (parameters to 

be fixed), namely: choice of a formal language (syntax), choice of a semantics and choice of a 

definition of valid arguments. 

Most of this process of interpretation and “making sense” in our daily practice is of course 

unconscious. We do it all the time without needing to “know” any logic. 

 Logic	Programming		
As I said before, non-classical logic is an umbrella term established only in apposition with 

classical logic. It comprises all kind of diverging, often incompatible variations. I will limit myself 

to consider now a particular approach in this diversity, logic programming (LP). It is not really 

a particular logical system but am evolving approach which comprises several variations. Born 

from AI and computer science (including actual programming languages such as Prolog), from 

its very origin it was concerned with computability (Kowalski, 2014), a crucial factor in 

cognition. I will review briefly some fundamental properties of LP for their relevance for the 

upcoming argumentation, but I will come back to them from another view also in chapter 9. 
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The selection of these properties is not “unbiased”: I emphasize the differences with classical 

logic and the relevance for cognitive modelling. A technical treatment of LP as a non-

monotonic logic may be found in Doets (1994).  

Following the “parameter setting” approach mentioned above, I will indicate some aspects of 

LP syntax, semantics and the notion of (valid) inference. 

4.3.1 Syntax	
The search for logical systems in AI (specifically in the field of knowledge representation and 

reasoning) is dependent on the trade-off between expressiveness and tractability (Brachman 

& Levesque, 2004). This motivates the syntax used in LP both in the propositional and the 

predicate cases. Formulas in LP are restricted to clauses (conditional statements with the 

antecedent being a conjunction of literals and the consequent a single positive literal).  They 

are therefore of the form (¬)𝑝! ∧ …∧ (¬)𝑝" → 𝑞 where 𝑝!, … , 𝑝", 𝑞 are atomic (positive) 

formulas, and  (¬)𝑝 means that   𝑝 may appear either negated or not. A set of clauses of this 

kind is called a definite logic program. In the predicate case, this formula is intended to be 

universally quantified over all the occurring variables.  

4.3.2 Semantics.		
4.3.2.1 Non	truth-functionality	

An important difference between LP semantics and classical logic is that the former is not truth 

functional: truth values assigned to atomic formulas do not determine in general the 

assignation of a truth value to a complex formula formed with them. This is the case for 

conditional statements which are not seen as formulas with truth values in themselves, but 

more as “licenses for inference” in logic programs. 

Besides this, for the purposes of modelling cognitive phenomena in situations of incomplete 

information, it is convenient to go beyond classical bivalence in truth values. This can be done 

in a parsimonious way using the Kleene semantics (Kleene, 1952, p.332) as in (Stenning and 

van Lambalgen, 2008). In this framework we can have, besides the usual truth values 0 and 1, 

a truth value u (for “undefined”). Acquisition of new information may modify the value of a 

statement from u to 0 or 1.  
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4.3.2.2 Closed	world	reasoning		

Databases or “programs” (sets of formulas in the syntax of clausal form) codify the available 

information in a given situation. From these, it is possible to extract additional information in 

a way which substantially differs from classical logic. Particularly important is what is known 

as “closed world reasoning” (CWR), which manages the problem of overcoming the 

information incompleteness of a program. Technically, CWR operates through the completion 

of a program. If the program is taken as if complete, the set of all the program clauses with the 

same consequent is a disjunctive definition of this consequent. In this sense, implications are 

“biconditionals in disguise” (Kowalski, 2011). In order to define the completion of a program 

𝑃, for every 𝑞 occurring in 𝑃, all clauses 𝜑𝑖 → 𝑞 in 𝑃 (with 𝑞 as a consequent or “head”) are 

taken in order to form the expression ⋁
#
𝜑# → 𝑞. In case that there is no such 𝜑#, then this 

reduces to the expression ⊥→ 𝑞. Finally, all the occurrences of the →’s are replaced by ↔’s 

(here, ↔ has a classical interpretation given by: 𝜓 ↔ 𝜑 is true if 𝜓, 𝜑 have the same truth–

value, and false otherwise).43  From this completion inferences can be extracted which were 

not classically derivable from P. In particular, the negation as failure (NAF) consists of assuming 

that if a statement cannot be proved (i.e., if there is a failure of the derivational procedure), 

then its negation must be the case.  

We can see CWR as assuming that the ontological level (“the world”) is captured by the 

epistemic level. This entails the cost of a possibly mistaken evaluation but the advantage of at 

least coming to evaluations and decisions that are often required under information and time 

constraints. But the epistemic level may change and CWR works by assuming that during each 

information update, things that follow from information that has been added by the last 

addition are “swept”.  

 

43 Intuitively, this says that the whole information about a statement 𝑞 is that provided by the clauses in the 

program 𝑃, so 𝑞 is defined entirely by this information (the disjunction mentioned is in fact called the definition 

of 𝑞). The world is “closed” in the sense that nothing outside 𝑃 is potentially considerable as part of the definition 

of 𝑞.  𝑃 does not only include truths about 𝑞, but represents the whole truth about it. 
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4.3.2.3 Dealing	with	abnormalities		

Material conditionals don’t admit exceptions: if the antecedent is true, its consequent must be 

true. Unlike material implication, regularities in the world are exception-tolerant. This may be 

captured by conditionals with an abnormality statement which is assumed to be false (by NAF), 

unless there is positive information supporting that there is something abnormal preventing 

the conclusion to be inferred.  The conditional that allows exceptions is of the form 𝑝⋀¬𝑎𝑏 →

𝑞, to be read as ‘if p and nothing abnormal is the case, then q’.44   

4.3.3 Inference	
The main inferential technique used in LP is resolution (Doets, 1994; Stenning and van 

Lambalgen, 2008).  The resolution method, which I will not describe here, works through 

queries. A query or goal is a conjunction of atomic formulas indicated as ? 𝑝" ∧. . .∧ 𝑝#, which 

is posed to a program in order to know if it is derivable from it and is answered after a search 

is concluded. In the predicates case, derivations in logic programming are simultaneously 

constructive computations, in the sense that if one concludes that a formula 𝜑(𝑥) is satisfiable 

given a logic program, the derivation actually produces a computable witness for 𝑥.  

4.3.3.1 Non-monotonicity		

CWR is applied in practice as a non-monotonic kind of reasoning: classical logic is said to have 

a monotonic consequence relation, meaning that if φ1,…, φn /ψ is a valid argument, then also 

the argument φ1,..., φn, θ/ψ holds. That is, enlarging the premise set can never lead to the 

withdrawal of an inferred conclusion. This follows from the definition of validity in classical 

logic: an argument is valid if the conclusion is true in all situations in which the premises are 

true. A situation in which φ1,...,φn, θ are true is also a situation in which φ1,…, φn are true, so 

that ψ still follows. By contrast, a logic is non-monotonic if it is possible that φ1,...,φn/ψ is valid, 

but φ1,...,φn,θ/ψ is not. For instance, it may be assumed by default that nothing abnormal is 

the case and that, given p, from a conditional 𝑝⋀¬𝑎𝑏 → 𝑞 we may infer q. But a new fact (an 

 

44 The “abnormality clause” ab, is a list of propositions (or atomic formulas) treated as an inclusive disjunction of 

abnormalities, indexed to a particular conditional: If any one of them is true, then ab is true, and so the antecedent 

of the conditional (p ∧ ¬ab) is false. 
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abnormality) may be added into the program which makes ab become true. In this case q may 

no longer be inferred.  

4.3.4 Logic	Programming	and	psychological	tasks		
It is not accidental that approaches from AI can be useful in psychology. One of AI main 

problems is related to how to represent commonsense. Commonsense is constituted by 

processes whose products are taken for obvious, given for granted, but that most of the time 

are performed at an unconscious level.  

Several psychological tasks which have been considered as showing our flaws in reasoning, 

comprising the Wason selection task, have been modeled using LP. I will exemplify the non-

monotonicity of deduction with the “suppression task” (Byrne, 1989). In experiments, a 

considerable proportion of the subjects that admit, for instance, the validity of the classical 

modus ponens schema, are not any more prone to consider the validity of the conclusion if an 

additional premise is added: {𝛼 → 𝛽, 𝛼}/𝛽 is considered valid, but {𝛼 → 𝛽, 𝛼, 𝛾 → 𝛽}/𝛽 not 

anymore45. Classically valid conclusions can be thus "suppressed" when additional background 

knowledge is introduced by the new premise. This is a clear example of non-monotonicity, in 

the sense above mentioned. This may be approached through defeasible conditionals of the 

form 𝑝⋀¬𝑎𝑏 → 𝑞. In the first case, the conclusion follows because the abnormality clause 

𝑎𝑏 is inactive. But the acquisition of new information through the additional premise 

activates 𝑎𝑏 and the conclusion may not be obtained anymore (Stenning & van Lambalgen, 

2008). 

Another experiment on the classical deduction schemas,  approachable through similar tools 

is presented in (Cummins, 1995). The author analyses the role that causal relations may play 

interpreting conditional sentences. In particular, the ease with which "alternative causes" or 

"disabling conditions"46 to some particular effect can be retrieved, impact significantly the 

propensity to accept conclusions in deductive schemas. Going still further (Stenning et al., 

 

45 Tipical results are here a decrease of the subjects that draw the conclusion from 90% to 60% (see Stenning & 

van Lambalgen (2008), p. 179). 
46 "alternative causes cast doubt on the necessity of the cause in question for bringing about the effect, whereas 

disabling conditions cast doubt on the sufficiency of the cause to bring about the effect." (Cummins, 1995, p. 647). 

 



 

62 

2017) reinterpret the results of this experiment to develop a framework for estimating the 

level of confidence on a given inference without the use of probabilistic models. This 

confidence is in fact inversely estimated by the number of defeaters that the same subjects 

generate for the given inference. The authors interpret the results as indicating the presence 

of intensional, semantic reasoning approachable through LP with abnormality clauses. 

The experiments just mentioned give an idea of the processes that underlie the understanding 

of the implication and of deductive schemas, a theme that will be present in chapters 7 and 9. 

 LP	as	a	framework	for	intensional	reasoning		
LP will be seen here as a family of logics at the core of planning and language processing 

(temporal/causal relations in narrative discourse as in van Lambalgen and Hamm (2005)). In 

this sense it is fundamental to many cognitive functions underlying processes of interpretation 

in reasoning, decision-making and problem-solving. This, in contrast, with classical logic: a 

clearly extensional framework. In it (according to Tarski’s definition of logical deduction) 

validity is related to truth in all possible models. The approach in LP is more controlled. Models 

are constructed out of the linguistic entities which are the formulas in the programs 

(databases). This construction is “minimal” or “preferred” in the sense that only what must be 

true on them, is true on them. In other words, again, programs are not only true in the model, 

but are the whole truth on them. Different variants on semantics have been used in LP. 

Stenning and van Lambalgen (2008) use fixed-point models with the Kleene semantics. 

In the predicates case, unique minimal models may be created as Herbrand models, which 

means that the objects are entities defined out of the language, starting with the ground terms 

and continuing with constructible procedures. According to Kowalski (2011): 

“for definite clauses, truth in minimal models is more fundamental than truth in all 

models. I support the argument by observing that the standard model of arithmetic is 

the minimal model of a simple definite clause program defining addition and 

multiplication. According to Gödel’s Incompleteness Theorem, truth in this minimal 

model can only be approximated by truth in all models of any computable set of axioms 

for arithmetic.” 

The standard model for arithmetic is the intended model in this case. As I already mentioned, 

in the case of communication also the most fundamental step is to construct the intended 
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model of the message(s) conveyed. Only later an examination of alternate models or all 

possible models may be required. Understanding, interpreting, requires a fundamental 

cooperative stance for constructing the intended model. Only on top of this we eventually 

examine if this is true in all situations. This is explainable also in computational terms:  

"Maintaining a single model of our best guess about the current situation and its 

relevance to current goals is a very much more plausible biological function than 

reasoning about all logically possible models of our current assumptions" (Stenning & 

van Lambalgen, 2008, p.125).47 

 Why	a	pluralistic	view	in	education?	
 
In this chapter I argued in favor of acknowledging the plurality of logics in the sense of the 

plurality of possible parameters-setting along the dimensions of syntax, semantics and logical 

deduction. This is an indication that  

(1) an absolute, all-embracing conception of classical logic as normative should not be 

taken for granted, not even in the context of mathematical knowledge (whereas its 

contextual validity is in some, very important cases, required).  

I also argued that the logic-as-model conception opens possibilities on the descriptive side for 

understanding how we reason in different situations. A clear opposition in this sense, is 

between an extensional, all-models interpretation and an intensional, intended models 

interpretation. Good candidates48 for capturing aspects of this dichotomy are classical logic 

and logic programming. So, it is important from a cognitive point of view, 

 

47 Actual Neural Networks modelling CWR are presented in Stenning & van Lambalgen (2008). The systems 

modelling it can be seen as logics for interpretation and for planning, for performing actions in specific (but 

changing) states or situations.  
48 Classical logic is taken for granted as a prototype of extensional reasoning. I explain in chapter 9, from a 

“bounded rationality” perspective, the reasons why I say that LP is a “good candidate” for modelling (intensional) 

reasoning. 
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(2)  to acknowledge that different interpretations occur in practice, and understand 

which contexts elicit which interpretations. In particular intensional vs. extensional 

interpretations.49  

So, from an educational perspective, (1) is crucial for how we conceive and approach the norms 

that we pursue, teach and demand whereas (2) give us insight on how reasoning, in its 

variations, actually occurs in real humans, oftentimes for good reasons. 

  

 

49 These go in different directions but, as I argued in the previous chapter, are also complementary in the 

construction of mathematical meaning. 



 

65 

 

 

 

 The	Studies:	an	

Overview	

The previous chapters were intended to provide the conceptual framework and the themes 

from different disciplines that inspired the research here presented. Now I come to the studies 

conducted in order to explore how these themes unfold empirically. This chapter is a bridge 

between the general ideas developed in the previous chapters and specific contexts in which 

we vary the mathematical content, the ages and the instantiations of these general ideas.  

The four papers that follow are diverse and their connections are at first sight nor evident. In 

order to render more visible the common themes across them, I will explicitly review them.  

 Crosscut	themes	

5.1.1 The	role	of	interpretation	(Theme	A)		
This theme appeared repeatedly in the past chapters in the sense of “reasoning to and from 

an interpretation”. 

5.1.2 Pluralism	on	goals	and	norms	(Theme	B) 
Chapter 4 was explicitly on pluralism in logic, but the idea can be extended about pluralism of 

norms. These are relative to the goals pursued (either consciously or unconsciously) in a given 

situation or task. 
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5.1.3 Intensional	and	extensional	reasoning		(Theme	C)	
This theme will be connected with the use of LP and classical logic, but also in relation with 

probabilities. 

5.1.4 Bounded	rationality	(Theme	D) 
This theme has not been directly addressed yet but will be the central topic in chapter 9. This 

approach will render another perspective in the results of the different articles. 

 

 The	articles 

5.2.1 Communication,	 goals	 and	 counterexamples	 in	 syllogistic	 reasoning						
(Article	1)	

The first article presents a paradigmatic case of deduction, logic, and rationality in western 

culture: Aristotelian syllogisms. In the psychological literature they are usually considered in 

regard to classical standards. The experiments reported suggest that the goals pursued in the 

conventional tasks are on the side of cooperative discourse interpretation, whereas the 

proposed countermodels tasks are adversarial (Theme A).  These countermodels tasks propose 

an exploration of possible models and countermodels, which relates with the classical notion 

of deduction. This is an extensional interpretation, whereas the cooperative communication is 

intensional (Themes B and C). The kind of reasoning mobilized in each case may be seen as 

adaptive to the environmental (in this case: communicational) constraints imposed by the 

specific situation in each case (ecological rationality-Theme D). 

5.2.2 Logical	 Reasoning	 beyond	 Classical	 Logic:	 An	 Illustration	with	 Pythagoras	
Theorem	(Article	2) 

The article provides evidence that closed world reasoning (as studied in LP) is applied in a topic 

where the classical interpretation is expected: the Pythagorean Theorem. Here I highlight how 

behind an apparently obvious “unambiguous” statement that “everybody knows" people may 

go beyond the information given in different ways (Theme A), and that besides the intended, 

classical interpretation, some subjects apply closed world reasoning in a cooperative way 

(Themes B and C). LP offers here a way to overcoming the lack of complete information on the 

questions proposed (Theme D). This is not to say that the classical normativity should be 

abandoned, but to acknowledge what the starting point is in order to eventually be able attain 

this normativity.  
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5.2.3 Fostering	probabilistic	 reasoning	 away	 from	 fallacies:	 natural	 information	
formats	and	interaction	between	school	levels	(Article	3) 

Here again, I approach the topic from the perspective of the plurality of interpretations and 

how reasoning is constructed on top of this (Theme A). 

Following this framework, we show how naïve students invoke logical principles which don’t 

coincide with the normative extensional ones (Themes B and C). This framing the tasks 

proposed leads to justifications that are not considered as correct. I highlight here how in tasks 

as the Linda task students make use of closed world reasoning and negation as failure. This 

corroborates findings from Chernoff, Russell, Vashchyshyn, Neufeld and Banting (2017) in a 

completely different probabilistic task. What these authors call the “logical fallacy” of appeal 

of ignorance is interpreted here as a logical principle, only that in a different logic. In fact, they 

invoke NAF as a sensible communication principle. I finally show how the use of natural 

frequencies supported by (cooperative) class interventions elicits extensional interpretations 

(Theme C). Natural frequencies, in fact, are motivated by ecological rationality considerations, 

in contrast to usual probabilistic formats (Theme D). 

5.2.4 Bounded	 Rationality,	 Logic	 Programming	 and	 Mathematics	 Education	
(Article	4) 

Of course, the article main concern is with Theme D. I argue for an understanding of LP within 

the bounded rationality paradigm, which naturally invokes again Themes A, B and C. The first 

part of the article explores the relations between LP and fast and frugal heuristics. The second 

part discusses the relevance of LP for mathematics education through a variety of examples. 

These includes results from the previous articles, from the literature, and from an experiment 

on reasoning in abstract algebra. 

 The	methods 
  I recapitulate in Table 1 the methods used in the different papers. Details on them are 

provided in each particular article. The questionnaires instructions of all experiments are 

reproduced as supplementary material in paper 1, and in Appendixes A and B. 
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Table 1. Methods used in the different articles. The last row specifies the country and language of 
the experiments realized. 

 
Article 1 Article 2 Article 3 Article 4 

Quantitative 

analysis 
• • •  

Qualitative 

argumentation 

analysis 

• • • • 

Class intervention •  •  

Cooperative 

intervention 
  •  

Logical modelling  •  • 

Country 

(LANGUAGE) 

Germany 

(DE) 

Colombia 

(ESP) 

Colombia 

(ESP) 
Colombia 

(ITA) overview 
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 Article	1	

Communication,	goals	and	counterexamples	in	

syllogistic	reasoning		

Abstract	
We report on a study on syllogistic reasoning conceived with the idea that subjects’ 

performance in experiments is highly dependent on the communicative situations in which the 

particular task is framed. From this perspective, we describe the results of Experiment 1 

comparing the performance of undergraduate students in 5 different tasks. This between-

subjects comparison inspires a within-subject intervention design (Experiment 2). The 

variations introduced on traditional experimental tasks and settings include two main 

dimensions. The first one focuses on reshaping the context (the pragmatics of the 

communication situations faced) along the dimension of cooperative vs. adversarial attitudes. 

The second one consists of rendering explicit the construction/representation of 

counterexamples, a crucial aspect in the definition of deduction (in the classical semantic 

sense). We obtain evidence on the possibility of a significant switch in students’ performance 

and the strategies they follow. Syllogistic reasoning is seen here as a controlled microcosm 

informative enough to provide insights and we suggest strategies for wider contexts of 

reasoning, argumentation and proof. 

Keywords: syllogisms, deductive reasoning, logic, counterexamples, argumentation, situated 

cognition, mathematics education, proof 
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 Introduction	
The acquisition of reasoning proficiency according to logical standards is a central topic in 

regard to the development of critical thinking competencies. It inheres also in the development 

of mathematical argumentation and proof. Even so, the experimental evidence from the 

psychology of reasoning and from mathematics education has widely documented well-rooted 

difficulties concerning the reasoning skills of students (and humans, in general). In this context, 

syllogistic reasoning is a paradigmatic case which can provide pre-eminent insights for several 

reasons: first, the study of the topic accumulates more than a hundred years of experimental 

study (starting with Störring, 1908)) with the corresponding corpus of experimental 

approaches, robustness of observed phenomena and variety of theoretical explanations  

(Khemlani & Johnson-Laird, 2012). Second, syllogisms clearly illustrate the dichotomy between 

normative standards and the actual performance of subjects. Moreover, even in this very 

restricted context, it is possible to observe a full spectrum of diversity in performance, from 

some syllogisms that are almost always correctly answered, to some others that are practically 

always wrong. Third, from a historical perspective, the topic has clearly emerged in a very 

specific context of argumentation and disputation and has been for centuries a characteristic 

model for this kind of reasoning. Finally, during more than two millennia, we can see a diversity 

of theoretical, and didactic approaches to the subject including a diversity of semiotic registers. 

Given the relevance of the subject to the issues alluded to before, and the experimental 

evidence so far, two natural questions emerge: what can explain the fact that typical 

performance in the usual syllogistic tasks does not adhere to Classical Logic? Are there other 

situations or experimental settings which can elicit reasoning closer to this logical standard?  

Following the path of (Vargas et al., Submitted), the proposal of the present paper is to show 

how, even if we have chosen a tiny fragment of full first-order classical logic, in regard to 

syllogisms we can already see important changes in reasoning tied to the use of 

representations and the pragmatic situations from which particular reasoning mechanisms 

emerge. We report on two subsequent experiments. In the first one we compare how 

undergraduate subjects perform on 5 different tasks intended to understand how different 

thinking strategies are followed by subjects depending on the communicative situations. The 

second experiment, more educationally oriented, is based on the insights provided by the first 
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experiment. It studies the trajectories of students in a sequence of tests and short 

interventions. These are intended to lead them to a shift in their performance based on their 

understanding of the kind of reasoning that they are expected to attain normatively.  

In what follows, we first elaborate on the theoretical background just outlined focusing on the 

two fundamental aspects which support the design: the importance of communicative settings 

for reasoning, and the use of the construction of counterexamples in argumentation and proof 

(sections 6.2 and 6.3). We describe and report then on Experiments 1 and 2 (sections 6.4 and 

6.5). In the final discussion (section 6.6) we develop connections with the psychology of 

reasoning and the implications for education, particularly in regard to the literature on 

argumentation and proof in mathematics education. 

 Plurality	of	goals	in	communication	and	reasoning	
Experimental study of Aristotelian syllogisms has led to a very neat conclusion: answers of 

untrained subjects in the customary tasks are very far from being correct from the point of 

view of the intended, classical interpretation. There have been different kinds of explanations 

in the psychological literature that try to give an account of experimental data (see Khemlani 

& Johnson-Laird, 2012 for an overview). A natural suggestion is that syllogisms are a kind of 

task limited to academic environments and for which we show no capacity beyond this, i.e., 

without instruction or specific training. An extreme illustration is offered by Luria, (1976) 

experiments in the 1930s showing how illiterate subjects had a tendency to refuse the 

endorsement of any conclusion at all about facts not known to them beforehand, just from the 

information provided by premises. According to him, they tended not to rely on information 

beyond their personal experience (as is essential in hypothetical reasoning) and not to accept 

premises as having general validity. Furthermore, they even conceived syllogisms not as 

unified wholes, but as unintegrated pieces of information. A later study carried on in Liberia 

by  (Scribner, 1975), showed similar dispositions, which were in fact interpreted as a case of 

an “empirical bias” (Scribner, 1977). This illustrates how syllogisms (and logic in general) are 

not context independent mechanisms but emerge from the analysis of particular 

communicative/pragmatic situations. It therefore seems natural to consider experimentally 

the kind of situation and discourse in which syllogistic arguments first appeared in philosophy, 

namely, the context of argumentation, discussion and refutation. They are not, in short, a 

description of deductive processes executed in abstracto by individual minds. Syllogistic 
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arguments are originally about a context of adversarial communication. What we do primarily 

in communication, instead, has a cooperative character determined by a fundamental “verbal 

contract”. Hence, very commonly, we are not strictly attached to what the speaker makes 

explicit, but most of the times we “complete” the message with a background given by 

intended common assumptions. We do not communicate just what is explicit or concluding 

what is “entailed” (in the strict sense) by the externalized sentences. We infer, in addition to 

this, also a series of “implicatures”, as they are known after  (Grice, 1975) and, more widely, 

we frame the information in order to convey a message or interpret available information. 

Here we take the general view that different communicative or pragmatic demands may put 

into action different reasoning strategies and mechanisms, and that considering a plurality of 

logics may give us appropriate tools for their description (Stenning & van Lambalgen, 2008). 

From this point of view, what are often considered simply as “mistakes” are frequently sensible 

conclusions which may even adhere to the rules of a particular logic. This is highly relevant for 

educational purposes because of the prevalence of categories such as “correct” or “incorrect” 

often used as if having absolute character. 

The previous discussion connects at different points with research in education. On one side, 

the general view that human cognition, and mathematical cognition, in particular, happens as 

a social and communicational phenomenon, challenges more traditional, internalistic views on 

thinking and learning which ignore, both experimentally and educationally, their essential 

character. Inspired largely by Vigotsky, this view has been stressed repeatedly in mathematics 

education research, since its “social turn”  (Lerman, 2000; Roth & Radford, 2011; Sfard, 2008). 

On the other side, an important point of connection relates to the literatures on argumentation 

and proof. Our view on the context/communicational dependency of reasoning is in line in fact 

with integrating the “social dimension” of proof (Balacheff, 1987) and with the “shift to a 

pragmatic view of proof” (Hanna & Jahnke, 1993). Which particular communicational activities 

relate to the logic behind argumentation and proof? How can we contextualize proof so that 

it emerges more in continuity with other human practices, and not as an epistemological 

rupture with them (Duval, 1991, 1992)? Even if the birth of the concept of mathematical proof 

in Ancient Greece is still debated, philological evidence suggests that it originated from the 

development of argumentative and dialogic discourse as seen in philosophy and that “the 

practice of a rational discourse provided a model for the organization of a mathematical theory 
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according to the axiomatic-deductive method. In sum, proof is rooted in communication” 

(Jahnke, 2010). This communication, given its dialectical nature, is adversarial at a fundamental 

level and in a technical sense. These historical origins continue to be present in the practice of 

proof production, which requires a dialectics with (real or potential) refutations  (Lakatos, 

1976). In this sense, an adversarial disposition is skeptically oriented leading an “opponent” to 

look for countermodels or counterexamples to what the “proponent” says  (Novaes, 2018). It 

is in fact, primarily, through the exhibition of individual counterexamples that an argument is 

refuted, as we will elaborate next. 

 Construction	 of	 counterexamples:	 modeling	 and	 countermodeling	 as	
tools	for	syllogistic	reasoning	

As noted before, in syllogistic reasoning the usual instructions do not prompt answers 

according to what “logically follows”. As with many other reasoning tasks, simple rephrasing 

or emphasis in the instructions do not lead to substantial changes in performance. This way, 

asking for “necessary conclusions” or deductions “valid in general” does not usually lead to 

substantial improvement or disambiguation. We propose a change in the contextualization of 

the materials which may encourage an integration of what precisely “logically” or “necessary” 

means in this practice. Even if experimental evidence seems to indicate that we are not 

“naturally” capable of syllogistic reasoning in general, we are more inclined to see here what 

may be expressed using the competence vs. performance dichotomy, but with more than one 

competence possible. Actual low performance may be caused because performance deviates 

from the competence that is normatively established. But performance has to be measured 

against the right competence, and performance aimed at other norms may be successfully 

elicited by appropriate contexts which invoke their ecological source (Simon, 1956, 1990). 

What do we logically expect when asking if a conclusion “logically follows” from some 

premises? Even if in some traditions still influential in education “logical” is conceived from 

this definition of a deductive system or a set of syntactic transformations (or inference rules), 

we believe that, in the context of `naive’ untrained reasoners, a more accessible approach is 

semantic. In classical logic (Tarski, 1936), the definition of the entailment relation establishes 

that a sentence φ follows from set of sentences Γ (indicated as 𝛤 ⊨ 𝜑) if and only if every 

model of Γ is also a model of φ. This may be rephrased by saying that there is not a model for 
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Γ that is a countermodel for φ (a counterexample). The validity of a deduction is equivalent to 

the impossibility of getting a counterexample for it.  

The problem of the exploration of possible counterexamples and their generation may not be 

finite or even decidable in general. This may be overcome in the particular case of syllogistic 

reasoning where we deal only with a vocabulary of three monadic predicates. In this case 

models are sets of a certain number of individuals, with interpretations for the predicates50. 

Problems with valid conclusions have always 1-element models. This property (“case 

identifiability”), leads in fact to an algorithm for extracting conclusions from a pair of premises 

(Stenning & Yule, 1997).  In this way, for valid problems we limit ourselves to the case of 1-

element models. This is not the case in general for the premises of non-valid problems: pairs 

of premises here may need 2-elements to be modelled. Therefore, when we come to the 

problem of the construction of counterexamples, at least 2 elements may be indispensable. In 

general, in fact, we have that a conclusion fails to follow from a pair of premises if and only if 

there is a countermodel. And we also know that countermodels never require more than 2 

elements (1-element models would not suffice, in general). Moreover, if there is not such a 

countermodel, as can be established by an exhaustive examination, the inference is valid (the 

conclusion follows from the premises). It is worth noticing that refutation by countermodeling 

is in general a separate and distinct process from proof. Syllogisms are exceptional in that 

examination of 2-element models leads both to a refutation method and to a decision method 

for validity. We propose that psychologically, these processes remain distinct for naive subjects 

in the syllogism.  

 

50 The fact that the identification of individuals with a particular one of eight possible types (corresponding to the 

assertions and negations of the three monadic predicates present in a syllogism) may be used to decide the 

validity of an argument is in fact already present in Aristotle’s works, namely through the ekthesis technique of 

proof (Kneale & Kneale, 1962 p. 77). According to Hintikka, (2004b), ekthesis operates like the rules of 

instantiation in modern logic. It consists of choosing a particular individual (or, in another interpretation, a sub-

class) to represent a general term. This is the sense that “ekthesis” also had in geometry, extensively used by 

Euclid in passing from a general statement into consideration of a particular object be it a point, a line or a triangle. 

Once this step is done, it is usually followed by the characteristic use of auxiliary constructions. 
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Despite this crucial role that the construction of counterexamples may play in regard to the 

analysis of syllogistic thinking, the topic has been almost completely absent from experimental 

testing in the psychology literature. One exception is Bucciarelli & Johnson-Laird, (1999) where 

the authors performed an experiment asking for the construction of counterexamples. In fact, 

according to the basic tenets of mental models theory, people make deductions by building 

“models” and searching for counterexamples (Johnson-Laird & Byrne, 1991). Bucciarelli and 

Johnson-Laird consider the counterexamples of their experiment as a means to “externalize 

the process of thought” concluding that individuals are capable of generating them. Our results 

suggest that beyond being a simple externalization of internal processes, asking for this kind 

of external representation may modify strategies of reasoning or, even more, the goals 

themselves pursued in reasoning and the corresponding logic. This is more clearly the case if, 

as in our case, the counterexamples construction is embedded in adversarial communication 

(in contrast to cooperative communication that, we claim, usually predominates in the 

conventional experiments). As we will see, results show a remarkable difference of 

performance between our counterexample tasks and more traditional ones. 

Besides psychological experiments and theories, the use of examples (and counterexamples) 

in the learning and teaching of mathematics has been widely acknowledged (as well as in 

mathematicians’ practices). The mathematics education literature has recently addressed the 

role of examples and counterexamples (see, for example, Watson & Mason, 2005, or the 

special issues on “The Role and Use of Examples in Mathematics Education” (2008) and 

“Examples in mathematical thinking and learning from an educational perspective” (2011) in 

the journals ESM and ZDM). The formation and exploration of an “example space”  (Mason & 

Watson, 2005) is essential to mathematical thought, and fundamental for learning: 

“Examples can therefore usefully be seen as cultural mediating tools between learners and 

mathematical concepts, theorems, and techniques. They are a major means for ‘making 

contact’ with abstract ideas and a major means of mathematical communication, whether 

‘with oneself’, or with others. Examples can also provide context, while the variation in 

examples can help learners distinguish essential from incidental features and, if well selected, 

the range over which that variation is permitted.” (Goldenberg & Mason, 2008).  

A change in disposition already occurs when we deal with the exploration of examples and 

counterexamples. This is reflected in our Experiment 1 results. Nevertheless, grasping the 
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sense of counterexamples and adjusting the relevant conventions in the semiotic 

representation used in each particular situation is not something automatic or easy. This is the 

case in mathematical contexts, in general, but we will face the same obstacles in our study. 

Our Experiment 2 addresses these difficulties proposing strategies on how they can be deal 

with.  

 Experiment	1:	Recognizing	the	diversity	of	communication	contexts	and	
goals.	

The aim in Experiment 1 was to explore the effects that countermodeling in an adversarial 

setting produces in syllogistic reasoning. This is done comparing performance across 5 tasks 

described below. Most of the studies of syllogistic reasoning present pairs of premises and ask 

the subject for a conclusion of syllogistic form from a menu including the option “none of the 

above” either explicitly from a menu presented in each trial, or from instructions at the 

beginning about the constraints on the form of conclusions (the generation paradigm). In some 

cases experiments propose, besides the pair of premises, a conclusion whose validity, given 

the premises, is to be judged (the evaluation paradigm). We use both approaches in our tasks. 

6.4.1 Methods	
6.4.1.1 Materials	and	procedure	
Each subject answered a booklet in just one of the conditions described next. Subjects were 

assigned conditions in a random order. So, these five conditions are essentially separate 

experiments with random subject sampling from the same population. They had 60 minutes 

to do this even if in practice many of the participants finished before, predominantly around 

45 minutes. The booklets had 16 problems for all tasks, aside from the evaluation task which 

was substantially less demanding. For this task, participants had to answer the whole set of 32 

problems studied. The order of presentation of the problems was also random, with three 

different such orders for each set of problems. The tasks studied are the following (for the 

exact phrasing of the instructions see the supplementary material): 

• Conventional (CV): The draw-a-conclusion task usually considered in the literature (see 

e.g., Johnson-Laird & Steedman, 1978 or Khemlani and Johnson-Laird, 2012). Given a pair 

of premises, participants are asked to decide what follows. Conclusions are selected from a 

menu offering the 8 classical possibilities plus a “none of the above” option.  
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• Evaluation task (EV): This task has been also extensively present in the literature (see, for 

example, Rips, 1994 for a large experiment comprising 256 of the 512 possible syllogisms). 

The two premises of a syllogism and a conclusion are presented to participants. They are 

asked to evaluate whether the conclusion follows or not. Here the proposed conclusions are 

the same as in the CMA and CMA2 tasks described next. The aim here is to provide a task 

that is similar to CV, in the sense that no countermodel construction is asked and that is not 

an adversarial situation, but that at the same time is directly comparable with the results of 

the countermodels tasks. In this sense, the EV task is crucial in the experiment because it 

can either confirm or disconfirm the differences already noticed between CV and other tasks 

(Vargas et al., Submitted) and see if they are really attributable to other differences such as 

the collaborative/ adversarial context, the active construction of models, the subjects’ 

involvement in justifying their own judgment, or if they are only by-products of the format 

of the questions (e.g. 9 options choice vs. a Yes/No answer). 

• Countermodels Adversarial (CMA): This is essentially the “Syllogistic Dispute” task in 

(Vargas et al., Submitted) which proposes the construction of countermodels in a betting 

situation against Harry-the-snake. Participants are presented a pair of premises and a 

proposed conclusion. They have to bet whether this conclusion is valid or not. They are thus 

in competition with Harry, the nefarious character who proposes the bets and who is trying 

to empty their wallets. We apply a small variation to the countermodel construction: 2-

element countermodels were requested. Syllogism AI3 will serve as an example. Suppose 

the following premises are given: 

All the students taking linguistics are taking Arabic. 

Some of the students taking geometry are taking Arabic 

Harry proposes the following bet: 

Some of the students taking geometry are taking linguistics. 

Besides having to judge whether this follows or not, participants must provide the 

counterexample in this last case by ticking or crossing each course if the student is taking it or 

not: 
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Student 1:    

Linguistics  

Arabic  

Geometry  

Student 2: 

Linguistics  

Arabic  

Geometry  

• Countermodels Adversarial 2 (CMA2): With the same structure of CMA (a proposed 

conclusion from two given premises, and the construction of counterexamples when 

possible) but in this case with another story/context. Instead of a betting situation and 

Harry-the-snake, participants are asked to play the role of a professor who must correct the 

answers (conclusions) offered by students in an exam. If the conclusion does not follow (i.e., 

if the exam script that they are correcting presents a mistake) participants must provide a 

counterexample as a didactic tool for their imaginary pupil in order to explain why it does 

not follow. This is a familiar, technically adversarial, situation: an examination. 

• Communication-conclusions task (COMM-C) This task is proposed with the idea that 

what participants actually do in CV is to play a cooperative game which we try to mimic. 

Here subjects are introduced into a game: each participant has an imaginary team-mate 

who wants to communicate to her an assigned statement. Following the syllogistic structure 

(with b the middle term and a and c the other ones) this statement is about terms a and c. 

This communication cannot be done directly: the team-mate can only express something 

about a and b, and something about b and c. The participant is presented with two 

statements (which play the role of “premises”) which ‘come from her teammate’. The task 

is to decide which sentence is it most likely that the team-mate is trying to communicate 

from a menu of nine possibilities (a possibility for: ‘no favorite guess’ is included). It is 

emphasized that this is a cooperative task in the precise sense that the subject should think 

of him or herself as working in a team with the source of the premises. The team-mate is 

trying to communicate a sentence, and our participant is trying to guess it. Both of them are 

scored as teams (pairs) according to how often they succeed in their mutual goal. The 
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instructions assert that “If you can guess what sentence he has in mind from the pair of 

premises (s)he gives you, then your team win 5 points. If you guess wrong, then you both 

lose 1 point. There is also the option: “Have no preferred guess”, in which case you neither 

win, nor lose any points.” In this game the points are established in order to encourage a 

preferred option rather than “Have no preferred guess” if the participant is not sure. But in 

the case of total indifference, choosing this last option has greater expected value than 

random selection of some other answer. 

It is important to emphasize, for comparison purposes, that, in their structure, CV and COMM-

C tasks follow the generation paradigm, whereas EV, CMA and CMA2 tasks follow the 

evaluation paradigm. 

Tasks CMA and CMA2 require, besides an evaluation of validity, the construction of 

counterexamples. For the reason explained in section 6.3 (with two elements it is always 

possible to construct a counterexample, if one exists), we standardized the required 

countermodels to 2-element ones. 
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Problem 
 

Premise 1 Premise 2 VC / 
NVC 

Proposed 
Conclusion 

% correct answers 
(literature) 

ES 
classification 

Matched / 
Mismatched 

Set 

AA3 Aab Acb NVC Aac 31 0 Mat 1 

AE1 Aab Ebc VC Eac 87 2 Mat 1 

AE2 Aba Ecb VC Oac 1 5 Mis 1 

AE4 Aba Ebc VC Oac 8 5 Mat 1 

AI3 Aab Icb NVC Ica 37 0 Mat 1 

EI1 Eab Ibc VC Oca 8 4 Mis 1 

EI2 Eba Icb VC Oca 37 4 Mat 1 

EI3 Eab Icb VC Oca 21 4 Mis 1 

EI4 Eba Ibc VC Oca 15 4 Mat 1 

IA2 Iba Acb NVC Ica 12 0 Mat 1 

IO1 Iab Obc NVC Oac 33 0 Mat 1 

IO2 Iba Ocb NVC Oca 49 0 Mis 1 

OA1 Oab Abc NVC Oac 20 0 Mis 1 

OI3 Oab Icb NVC Oac 49 0 Mis 1 

OI4 Oba Ibc NVC Oca 47 0 Mat 1 

OO1 Oab Obc NVC Oac 37 0 Mis 1 

AE3 Aab Ecb VC Eca 81 2 Mis 2 

AI1 Aab Ibc NVC Eac 16 0 Mat 2 

AO1 Aab Obc NVC Oac 14 0 Mat 2 

AO2 Aba Ocb NVC Oca 17 0 Mis 2 

EA1 Eab Abc VC Oca 3 5 Mat 2 

EA2 Eba Acb VC Eca 78 2 Mat 2 

EA3 Eab Acb VC Eac 80 2 Mis 2 

EA4 Eba Abc VC Oca 9 5 Mat 2 

IA3 Iab Acb NVC Iac 28 0 Mat 2 

IE1 Iab Ebc VC Oac 44 4 Mat 2 

IE2 Iba Ecb VC Oac 13 4 Mis 2 

IO3 Iab Ocb NVC Oca 53 0 Mis 2 

IO4 Iba Obc NVC Oac 54 0 Mat 2 

OI1 Oab Ibc NVC Oac 36 0 Mis 2 

OI2 Oba Icb NVC Oca 31 0 Mat 2 

OO2 Oba Ocb NVC Oca 42 0 Mis 2 

Table 2. The 32 problems selected in the study, their premises, existence or absence of valid conclusions, the 
proposed conclusions in the tasks following the evaluation paradigm, percentage of correct answers in the 
literature CV task, the ES classification, the matched vs. mismatched classification and our two sets subdivision. 
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6.4.1.2 Problem	selection	
As indicated above, beyond purely historical interest, syllogisms constitute a microcosm 

complex enough to reveal wide variation in typical performance from subjects. So, it is a topic 

revealing a wide spectrum at the level of misalignment from normative expectations. Studying 

the whole set of 512 possible pairs of premises and proposed conclusions was not feasible in 

the time. We limited ourselves to a subset of 32 of these possibilities, presenting 16 to each of 

our participants. The selection of these problems was heavily biased towards the ones which 

could reveal the use or absence of classically valid reasoning, and therefore, those which turn 

out to be solved by other strategies. This is revealed by traditional performance in the CV task, 

already well documented in the literature. Our choice was therefore focused on those 

problems which turn out to be “difficult” in the CV task. A prominent phenomenon in this task 

is a clear incapacity for detecting that the majority of the problems (out of 64 pairs of premises) 

have no valid conclusions. Those problems with no valid conclusions which are judged by 

subjects as having one, reveal a tendency to reason cooperatively.  Table 2 rehearses the basic 

properties that motivated the selection of the 32 problems used. They were divided in two 

sets (indicated in the last column of the table), balanced according to these properties, both 

logical and psychological, namely: 

• Validity rate: an equal number of logically valid and non-valid problems in both sets. 

This number is in proportion with the number of valid/non valid problems among the 

64 problems (7 valid and 9 with no valid conclusion in each set, which reflects the fact 

that among the 64 possible pairs of premises there are 27 with valid and 37 with no 

valid conclusions). In the 4th column of Table 2  (“VC / NVC”), we indicate for each 

problem if it has any valid conclusion or if it has no valid conclusion.  

• Difficulty: the main measure of this is given by the typical performance of subjects in 

the conventional task. We used for this the results from the meta-analysis in (Khemlani 

& Johnson-Laird, 2012) which are reported in the 6th column in the table. This 

performance motivates also the “empty-sets”51 classification (ES classification) 

 

51 The name is explained by the fact that a first criterion for the classification of problems arises from the 

observation that existential presuppositions are traditionally assumed in the field and this leads to a clear 
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introduced in (Vargas et al., Submitted). This classification reflects and provides 

explanations for the variation of problems of valid conclusions in the CV task. This will 

be also used repeatedly in our graphs. The ES classification sorts all syllogisms with any 

valid conclusions into five classes52 on the basis of their quantifiers and whether the 

conclusion quantifier is already used in one or more premises. Starting from the 

“easiest”, problems with:  

1. one existential and one universal premise and a valid conclusion with a positive 

quantifier from a premise;  

2. two universal quantifiers and a valid universal conclusion;  

3. one existential premise and one universal premise, and a conclusion with a negative 

quantifier from a premise;  

4. one existential and one universal premise with a valid conclusion requiring a 

quantifier not in the premises; and  

5. two universal premises, but only existential valid conclusions.53 

• Matched/mismatched rate: a pair of premises is matched if the middle term is either 

positive in both premises or negative in both premises. Otherwise it is mismatched. 

Problem AE2, for instance, is mismatched because in the premises All b are a, No c are 

b, the term b appears respectively as positive and negative (rephrasing No c are b as “c 

implies not b”). We considered this property to be important in the problems selection 

and balancing because it is related to the ease in constructing counterexamples. With 

 

performance divergence from problems that require this assumption in order to have a valid conclusion and 

problems that do not. This substantial difference occurs with double universal problems (our classes 2 and 5). 

52 All problems without any valid conclusions are conventionally assigned the number “0”. 

53 This simple classification is motivated by the fact that it correlates highly with the percentage of correct answers 

of the valid problems in the Conventional Task meta-analysis 0.94, p= 2.288e-12.  
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matched problems we can naturally produce 1-element models of the two premises 

from which the conclusions proposed are automatically also true, so changes are 

necessary in order to produce counterexamples. These 1-element models can be 

produced for mismatched problems only by using the validity of universal statements 

in empty sets, i.e., by rejecting the existential purport of universal statements. The 1-

element models that result from integrating the premises using empty-antecedent 

reasoning are immediately countermodels of the most popular conclusions. 

The conclusions in the table (5th column) were used in tasks under the evaluation paradigm, 

namely, EV, CMA and CMA2, where they are proposed after the two premises. Participants 

should either accept or reject that the conclusion necessarily follows from the premises. The 

conclusions presented were selected according to the following criteria: for VC problems the 

conclusion is taken to be valid. If more than one conclusion is valid, we chose the most 

frequently selected in the CV task, according to the meta-analysis in (Khemlani and Johnson-

Laird, 2012). This last criterion was also applied for non-valid problems, namely, we chose the 

most popular specific conclusion for each problem, in this case obviously a non-valid one. This 

makes it as difficult as possible for our subjects to detect the invalidity of the proposed 

conclusions. 

6.4.1.3 Participants		
A total of 244 undergraduate students (mean age= 22.4) from first to third-year courses in the 

Ludwigsburg University of Education distributed thus: CV: 82, EV: 22, CMA: 54, CMA2:44 

COMM-C: 42. The difficulty of the two countermodeling tasks (CMA and CMA2) led in some 

cases either to the non-comprehension of the task or to failure to comply with instructions. 

We excluded from all our analyses the answers of a total of 3 and 5 participants respectively 

in CMA and CMA2. These are subjects who did not provide any complete construction of 

countermodels. We did not consider their answers evaluating the validity of the conclusion 

because the counterexamples part was crucial in our experiment as an exploration of the 

effects obtained with this construction. This made these data uninterpretable for us. We take 

the systematic failure to provide counterexamples in these subjects as a clear indication that 
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it was by far more demanding than the other tasks, but also more difficult to grasp without 

further indications or explanations.54 

6.4.1.4 Evaluation	of	problems	and	countermodels		
Universal statements can be interpreted in different ways and models can be considered to be 

adequate for them according to two well-known options. On one hand, since Aristotle, a long-

established convention determines that universal statements are false on empty domains 

because they are considered to have existential purport. On the other hand, according to 

modern semantics, validity does not require existence for universal statements. The traditional 

Aristotelian view is adopted in most of the psychological literature. We follow this convention 

even if it is not clear that either of the interpretations should be adopted from a psychological 

point of view, or that it should be absolutely mandatory in education from a normative stance. 

For this reason, we will consider the modern interpretation in some of our analyses and will 

emphasize that some of our subjects in Experiment 2 do follow it explicitly.55 Even if our focus 

here will be on the evaluation judgment of the tasks and not on the counterexamples 

produced, the construction of counterexamples allows us to observe where the divergence 

between the interpretations is present, since we can see where subjects use empty sets for 

interpreting their terms. 

6.4.2 Results		
6.4.2.1 The	CV	task	
As a first consideration Figure 2 compares the performance in the CV task across the 32 

problems of our subjects with what we know from the meta-analysis (Khemlani & Johnson-

Laird, 2012). Our participants present similar patterns in their answers in comparison with the 

 

54 It is also worth clarifying that in EV we had only 22 participants, given that (as planned in the design) booklets 

included twice the number of problems in comparison to the other tasks. We used this design since EV was by far 

the less demanding task in time. Finally, the sample size in the CV task is remarkably larger because in this case 

we could include the data from a previous experiment. In this experiment we had a booklet generation mistake 

in the tasks different from CV. This experiment was conducted a semester before in the same institution and 

courses at the same university level (from first to third year).  

55 (Vargas et al., forthcoming) presents some evidence, based on counterexample analysis, that existential 

presuppositions are not compatible with the results of the CMA task (compatible instead with modern 

interpretation of classical logic). Even so, they can well be present in the Conventional Task. 
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literature, as seen by the high correlation (Spearman coefficient of 0.78, p-value < 0.001). As 

seen in the scatterplot, our participants have a performance slightly lower in most of the 

problems, but the tendencies are clearly the same. We may also see in the Figure 2 different 

clusters of problems confirming that the ES classification captures to a great extent the degree 

of difficulty of the problems in this task remaining stable across groups. This stratified analysis 

of the problems based on their structural characteristics gives us suggestive insights into the 

different strategies used by subjects. Problems in group 5, for instance, have a valid conclusion 

whose type (kind of quantifier) is an existential one not present in the premises (both 

universal) i.e. they require existential presuppositions. This makes these problems particularly 

difficult in this task leading to correct answers being practically absent (according to the 

traditional scoring with existential presuppositions).  The commonest responses in the meta 

analysis are actually invalid universal ones. 

 

Figure 2. Comparison of the CV task performance across the 32 problems between the literature and 
Experiment 1 groups. Colors follow the ES classification. 
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6.4.2.2 The	EV	task		
This task is also present in the literature (Rips, 1994). Our results indicate that, as expected, 

there are important differences with the CV task even if conclusions must be drawn with care 

given their different structure. One difference between the generation paradigm vs. the 

evaluation paradigm (even if in principle the tasks are not comparable) is an increase in the 

overall accuracy between CV and EV from 27.6% to 46.4 % (see Figure 3). Despite this accuracy 

improvement, it is remarkable that performance in EV is practically at random level. There is 

also a strong asymmetry between valid and non-valid problems which is reflected in a 

percentage difference of almost 25 points in favor of the former. The difference in 

performance is more evident in groups 4 and 5 of the ES-classification (see  Figure 4) for natural 

reasons: these problems are commonly incorrect in CV because participants prefer to generate 

conclusions different from the correct ones (which are not valid with the premises). In EV, 

instead, these conclusions are presented without other possible options which enter in 

competition with them. In class 2, the two tasks are closer. 

 

Figure 3. 5 tasks comparison in performance. Generation paradigm (left) and evaluation 
paradigm tasks (right). 
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Figure 4. Comparison between the CV and the EV tasks. Performance across the 32 problems. Colors 
follow the ES classification. 

 

6.4.2.3 The	CMA	and	CMA2	tasks		
As explained before, the CMA and CMA2 tasks share the same structure: a deduction 

evaluation, followed by counterexample construction when possible, in an adversarial setting. 

In them we obtained an overall improvement in accuracy and reduction of the imbalance in 

determining the validity vs. non-validity of conclusions, as seen in Figure 3. We have an 

accuracy improvement in regard to the EV task: mean scores pass from 46.4 in EV to 55.7 and 

to 65.1, respectively in CMA and CMA2 (p-value=0.0004348 between EV and CMA and p-

value=1.598e-11 between EV and CMA2). The difference between valid and invalid problems 

decreases from 24.7 to 19 and to 16.7 points. This reduction in the imbalance is also significant: 

p-value=0.004586 between EV and CMA and p-value=0.0002718 between EV and CMA2. 
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We compare CMA and CMA2 with EV respectively in Figure 5 and Figure 6. It is noticeable here 

that the improvement is not only global, but also present for almost all problems taken 

individually. 

CMA and CMA2 offer the additional countermodel data which deserves separate analysis 

which will not be done here. Nevertheless, it is worth mentioning that, despite the 

improvement in conclusion evaluation, the generation of countermodels is far from perfect: in 

these tasks the percentage of correct countermodels is 20% and 31% of possible ones 

(considering that each participant is presented with 9 non-valid problems out of 16). The 

construction of counterexamples poses difficulties due to high demands on executive 

functions (working memory in particular). Besides this, it poses a number of problems difficult 

to clarify by means of test instructions alone.  This motivated a different approach in 

Experiment 2. 

 

Figure 5. Comparison between the EV and the CMA tasks. Performance across the 32 problems. 
Colors follow the ES classification 
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Figure 6. Comparison between the EV and the CMA2 tasks. Performance across the 32 problems. 
Colors follow the ES classification. 

 

6.4.2.4 The	COMM-C	task	
The purpose of this task was to substantiate the idea that what participants do in the CV task 

is essentially framed in a context of cooperative communication. If instructions ask subjects 

explicitly to do precisely this, we obtain in fact very similar results. Correlation between CV and 

COMM-C is 0.75 (Spearman coefficient, p-value <0.00005). This is in fact the highest correlation 

obtained between all tasks ( 

 

Table 3). As shown in the scatterplot in Figure 7, the ES classification is also essentially 

respected. Subjects perform similarly as in CV, only that the collaborative attitude leads even 
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more to the extreme, so to speak. We can see this in the fact that the conclusions of the 

problems in ES class 2 are endorsed even more frequently. In general, subjects extract more 

valid conclusions for VC problems in COMM-C than in CV (average scores 38.2 and 34.2 in 

generating valid conclusions). Similarly, a conclusion for NVC problems is “guessed” even more 

frequently without exception in any of the problems, a characteristic collaborative strategy. 

This leads to an even increased asymmetry between VC and NVC problems. According to our 

instructions for COMM-C, under a situation of complete uncertainty, the payoffs of selecting 

“no preferred guess” would be larger. This means that the conclusions they select seem at 

least to some extent plausible for them in the communicative game.  

 

 

 CV COMM-C EV CMA CMA2 

CV 1 0.75 (p=0.0000) 0.50 (p=0.0035) 0.56 (p=0.0008) 0.63 (p=0.0001) 

COMM-C 0.75 (p=0.0000) 1 0.67 (p=0.0000) 0.46 (p=0.0087) 0.54 (p=0.0016) 

EV 0.50 (p=0.0035) 0.67 (p=0.0000) 1 0.66 (p=0.0000) 0.70 (p=0.0000) 

CMA 0.56 (p=0.0008) 0.46 (p=0.0087) 0.66 (p=0.0000) 1 0.66 (p=0.0000) 

CMA2 0.63 (p=0.0001) 0.54 (p=0.0016) 0.70 (p=0.0000) 0.66 (p=0.0000) 1 

 

 

Table 3. Correlations (Spearman coefficients) between the 5 tasks in Experiment 1. p-values in 
parentheses 
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Figure 7. Comparison between the CV and the COMM-C tasks. Performance across the 32 problems. 
Colors follow the ES classification 

 

6.4.3 What	does	countermodeling	elicit?		
Our comparison across tasks is guided by the idea that there is a change in disposition: CV, EV, 

and COMM-C tasks on the one hand (cooperative), and CMA and CMA2 on the other 

(adversarial). From the point of view of the answer format we have on the one hand the CV 

and COMM-C tasks (choose from a menu of conclusions), and on the other, the CMA, CMA 2 

and EV tasks (determine the validity given a proposed conclusion). Even if all tasks are all 

positively correlated ( 
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Table 3), some significant differences are obtained as can be seen in Figure 3. On the one hand, 

both in CMA and CMA2 we see an improvement in the overall accuracy across problems. Here, 

the more direct comparison is with EV. Particularly salient is the improvement with regard to 

NVC problems (red columns) which leads to a large reduction of the VC/NVC performance 

asymmetry. The spectrum varies from large differences in the COMM-C and CV tasks. In these 

we see differences of 27.4 and 11.6 percentage points, but the strong asymmetry in these tasks 

is more evident if we re-score these tasks in a way that bisects the possibilities (any valid 

conclusion vs. no valid conclusion). This is designed to capture the over-inferencing which is so 

characteristic of the NVC problems in the conventional task. In this way, the generation 

paradigm tasks are evaluated in a bivalent way which makes them at least approximately 

comparable with those of the evaluation paradigm. If we consider the judgment that 

“something follows” in valid problems, accuracy rates for CV and COMM-C are of 84.2% and 

93.8%. The difference between valid and non-valid problems is therefore striking: 61.6 and 83 

percentage points.  

Under the evaluation paradigm the differences range from 24.7 (EV task) to 19 (CMA task) and 

16.7 (CMA2 task). These effects of countermodeling are significant, as reported in 4.2.3.  

Back to the comparison between CV and COMM-C, we noticed in 4.2.4 how close they are. 

Participants in the conventional task do not answer it as intended leading to an extremely 

irregular performance across problems (Figure 2). This may be attributed to a great extent to 

the fact that they do not interpret the task goal in the same way the experimenter does. The 

purpose of the COMM-C task is to clarify what those aims may be. The very large correlation 

between the two tasks indicates that what subjects do in both is very similar: they understand 

the CV task essentially as a communication task, from a cooperative stance. As may be 

expected, this cooperative disposition is more extreme in COMM-C: a higher tendency to 

believe that valid conclusions do follow from premises, and the correspondent difficulty of 

refraining from endorsing conclusions from the menu (low performance in NVC problems). We 

see COMM-C as a caricature of CV in the sense that its more striking characteristics are 

exaggerated, though perhaps not by much. This tells us that participants in CV are not 

attempting but failing to do the intended task, but that they are really doing another, 

fundamentally different task. To get them to do the required classical logical task is an 
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important educational goal, but one first has to communicate the goal, before resorting to 

accusations of poor performance. 

The cooperative task of interpreting and understanding discourse can be approached through 

logical tools ( & van Lambalgen, 2005; Stenning & van Lambalgen, 2008). We interpret the data 

as indicating that subjects understand the CV task by assimilating it to this logic of discourse 

interpretation which radically differs from classical logic.  Nevertheless, results are usually 

evaluated from the perspective of the latter which leads to the conclusion that subjects have 

“poor reasoning” competence. The COMM-C task attempts to understand what the team-mate 

is conveying. This is something very close to cooperative discourse interpretation: an attempt 

to reconstruct the intended situation described (the intended or “preferred” model, in the 

technical sense of footnote 56). 

 Experiment	2:	Integrating	the	tasks	as	a	didactic	sequence.	
The effects obtained in Experiment 1 indicate clear tendencies when we take (as 

experimenters and educators usually do) classical logic as our benchmark. The results obtained 

comparing the spectrum of tasks suggest that there are good reasons why “naive” subjects 

deviate from this particular logic and suggest also in which direction we should move if our 

goal is to obtain results according to it. Again, the goals pursued matter. Experiment 2 explores 

what we can obtain from an intervention designed in this direction. We implement three 

successive tests (pretest, posttest1 and posttest 2) with the idea of facilitating the transition 

from an initial (cooperative) point, towards an adversarial classical logic one.  

We start from the observation that, as noticed in 4.2.3, the countermodeling tasks are highly 

demanding and that even if we see a change in disposition and performance, correct 

countermodel production is generally not attained. Understanding the construction of 

counterexamples needs in general more than the bare written instructions of the usual 

experiments. We focus then on the clarification of this notion, crucial for us as an external tool 

supporting the definition of the (classical) inference relation, as already explained in section 

6.3. 

6.5.1 Methods	
6.5.1.1 Materials		
We focused here on a within-subjects comparison of the tasks EV and CMA2 (the one that 

seemed most promising from Experiment 1 to obtain a shift towards classical reasoning). The 
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instructions were the same as in Experiment 1 but in this case instructions (including the 

countermodeling explanation) were carefully explained and not just provided in the booklets: 

see the procedure.  

The problem selection was the same as in Experiment 1. In the pretest and posttest 1 the 

problems were the 16 of set 1 (see Table 2). In posttest 2 we applied the problems both of set 

1 and set 2, each to half of the participants. This allowed us to test the trajectories of problems 

of set 1 (comparing along the three tests). At the same time, we applied set 2 problems in the 

third test in order to control for possible plain memory or training effects along the three trials 

with the same set of problems, using a set with similar characteristics (as discussed above in 

section 6.4.1.1). As in Experiment 1, the order of presentation of the problems in all the 

booklets was randomly generated and different these orders were randomly distributed to the 

participants. 

6.5.1.2 Participants		
These were 36 1st and 2nd year mathematics students at University El Bosque in Bogotá. The 

mean age was 20.3. They were beginning their studies career with introductory courses. From 

the point of logic, their knowledge was limited to a basic semi-formal logic course (partially or 

totally completed by the time of the experiments), mostly focused on propositional logic, truth 

tables and quantifiers notation for mathematical statements. The experiment was conducted 

separately in a total of 5 small groups (from 5 to 9 students each) during class hours with 

students from different courses. 

6.5.1.3 Procedure	
The sequence was designed with alternating tests and short interventions over three sessions 

based on the following stages: 

• First session: After a very short, 5 minutes introduction the pretest was administered. 

In this, the purpose was to complement their knowledge of logic with learning about 

syllogisms was communicated. The starting point was the EV task. As we explained, 

we were interested in their initial answers previous to any instruction. Typically, 

students finished the 16 problems within 30 minutes. 

• Second session: We implemented the first intervention, comprising some quick 

history of Aristotelian logic and syllogisms. We provided instructions on the 
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countermodeling technique, which were explained in detail. We passed then to some 

practice with 2 or 3 examples of problems; they worked on them individually. Their 

counterexample proposals were discussed and corrected in the group. Questions 

were clarified by the experimenter. This intervention took around 45 minutes. We 

then conducted posttest 1 with the framework of CMA2. In this experiment we 

introduced a variation with regard to Experiment 1: in order to emphasize that the 

source of the answers was really a student, we selected some of the answered 

booklets from the first session and presented them in an anonymized and randomized 

way. An hour was assigned for the test but most of the students finished in 40 

minutes. 

• Third session: A second intervention consisted in giving back to participants their 

corrected pretest and posttest 1. Special attention was given to providing individual 

feedback on the counterexamples constructed. This was facilitated by the fact that 

the groups were small. Pretest and posttest 1 were given back not only in order to 

correct the mistakes and clarify concepts, but also with the didactic aim of making 

participants aware of how far their starting point was from classical validity, and how 

substantial improvement could be attained by the use of counterexamples (a means 

for reaching the concept of entailment, as explained in section 6.3). Additional time 

for questions was given. In total, this took around 30 minutes. Next, posttest 2 was 

administered, again asking to evaluate the validity of a deduction, and to construct a 

counterexample when possible. Here again, an hour was assigned. Most of the 

students took around 40 minutes in order to complete the test. A total of 4 

participants missed this last session. 

The three sessions were held a week apart. At the end, all the results of the three tests were 

shown to the participants, with a reflection on the didactic effect obtained by them individually 

and as a group. 

6.5.2 Results		
If we take the mean performance, we have a mean of 44%, 59.2% and 85.3% respectively in 

the pretest, posttest 1 and posttest 2 (Figure 8). 
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We interpret these results as a progressive attainment of our intended target. This can be seen 

also examining the distribution of individual scores (over 16 problems) attained by each of the 

participants on each of the tests. (Figure 9; see also the table in the supplementary material) 

In the pretest the mean score (7.04), the median (6) and 22 out of 36 participants had scores 

not greater than 8. With 16 problems, this means chance level or below. There were extreme 

cases of 7 students with 25% or less correct answers, reflecting how misleading intuition can 

be in this task (they were providing answers almost opposite to the task that was required). 

In posttest 1 we obtain a large improvement in the evaluation of the conclusions (Figure 8 and 

Figure 9). We attribute this, in part, to the change of perspective by taking over the position of 

a professor correcting a test from a student. This, together with the countermodel 

construction, led, as expected, to results similar to the ones observed in Experiment 1 

comparing EV with CMA2 (44% and 59.2% of pretest, and posttest 1 are very close to the 46.4% 

and 65.1% obtained in EV and CMA2 in Experiment 1). 

 

 

Figure 8. Performance on the 3 tests of Experiment 2 
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Figure 9. Boxplots showing the subjects’ performance distribution in the three stages of Experiment 2. 
Left: performance in problems evaluation. Right: performance in correct countermodel construction in 
the two last stages 

As observed in Experiment 1, this is an already important change which reflects an adversarial 

context. Even so, there is still clearly place for improvement. Above all, countermodeling 

constructions in posttest 1 are very frequently wrong. 7 participants provided 2 or less correct 

countermodels (out of 9 possible); 4 did not construct even one. This alone confirms the 

difficulties involved in the process of understanding and performing well with the notion of 

counterexample, as already observed in Experiment 1. This motivated the necessity of a 

further stage for feedback and clarification, as addressed in our third session. The results 

obtained confirm this hypothesis and are close to being optimal. In posttest 2 we achieved 

another important improvement in evaluating the validity of the proposed conclusions, but 

more revealing than this, an improvement in the construction of the countermodels (mean 

score= 6.47 over 9 possible countermodels with 9 subjects having all of them correct; see also  

Figure 9-right). This improvement was present both with the same set of problems (set 1), or 

with a changed one (set 2). There is no significant difference between students with the two 

sets (p-value = 0.5178). 
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Figure 10. Comparison between the pretest (EV task) and posttest 1 (CMA2 task) in Experiment 2. 
Performance across the 16 problems of set 1. Colors follow the ES classification. 
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Figure 11. Comparison between the pretest (N= 36) and posttest 2 (N=15) in Experiment 2. 
Performance across the 16 problems of set 1. Colors follow the ES classification. Problems in class 5 
(AE2 and AE4) are hidden behind OA1. 

Figure 10 and Figure 11 provide a comparison between the different stages across the 16 

problems of set 1. The first one is a close analogue of comparing EV with CMA2 in Experiment 

1 (Figure 5). In contrast, the comparison in Figure 11 shows an improvement absent in all the 

other tests considered in both experiments. On the one hand, all the problems have mean 

scores above 65%, with OI3 and OI2 having even 100%. On the other hand, we can see that all 

invalid problems clearly “move upwards” As we see in Figure 8, accuracy differences between 

valid and invalid problems decline from round 25 to 15 percentage points between the pretest 

and posttest 1. In posttest 2 the asymmetry is completely eliminated (with mean performance 

in non-valid problems even higher). This is supported by the fact that the pretest and posttest 

2 are uncorrelated (Table 4).  
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 Pretest Posttest 1 Posttest 2 

Pretest 1 0.72 (p=0.0018) 0.39 (p=0.1371) 

Posttest 0.72 (p=0.0014) 1 0.61 (p=0.0128) 

Posttest 2 0.39 (p=0.1371) 0.61 (p=0.0128) 1 

Table 4. Correlations (Spearman coefficients) between the 3 stages in Experiment 2. p-values in 
parentheses. 

 

With few exceptions, participants presented a sustained improvement in evaluating 

correctness of problems along the three trials (see the table in the supplementary material). 

Even the clearest exception (student S05) was an extremely revealing case. He was the oldest 

student (45), well above all the others (mean age=20.3). He already had a professional 

qualification and had some knowledge of the topic. In the first test, in fact, he made use of 

Euler-Venn diagrams as a support and obtained the highest score. In the second test, he 

performed worse than before. In the third session, when receiving his feedback, he manifested 

his discomfort with having to use a different technique from that already known to him in 

dealing with syllogistic reasoning. In posttest 2 he performed even worse. He passed 

successively from 13 to 11 and to 9 correct answers. From the conversation with him, it was 

clear that he was trying to accommodate our counterexamples construction within the scheme 

of his knowledge of diagrams, already consolidated. What the other students learned along 

the process is apparently more directly acquired starting only from their intuitive knowledge, 

than with a previously existing scheme which could not easily be abandoned because the 

participant already felt confident using it. 

6.5.3 Some	typical	strategies,	interpretation	obstacles	and	disambiguations	
Experiment 2 allowed us also to obtain further information besides that provided from the 

data from the tests. After each session, notes on the argumentations and questions from the 

students were taken. We present next some of the more salient phenomena revealed. 
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6.5.3.1 Strategies	of	countermodeling	construction	
Among the notions introduced in the tests, probably the most difficult one to acquire fully is 

that of countermodeling and how it can be used in regard to validity: a deduction is not valid 

if there is a model of the premises which is not a model of the conclusion. The double negative 

character of this procedure places heavy demands on subjects’ attention needed for forcing 

premises to be true, forcing the conclusion to be false, and integrating the existence of such a 

construction with a judgment of the invalidity of the deduction. In fact, two  salient tendencies 

in countermodeling (Vargas et al., Submitted) are either, 1)  to provide a model of the premises 

forgetting that the conclusion should not hold in order to have a countermodel, or 2) to then 

change the model to make the bet false, but not notice that one of the premises is then not 

true, so the countermodel fails because it is not a premise model. These can be calculation 

problems without conceptual confusion. 

Another kind of misunderstanding observed here was about what a countermodel (or a 

counterexample) is. Given that we asked for universes with two elements, participants often 

considered that the validity or invalidity of the statements should be evaluated on each of the 

elements of the structure or the universe, and not globally. Typically, in their first encounter 

with having to construct counterexamples (in the intervention of our session 2) a conclusion 

such as Some of the students taking geometry are taking linguistics, was confronted with a 

situation such as:  

Student 1:    

Linguistics ✗ 

Arab ✓ 

Geometry ✓ 

Student 2: 

Linguistics ✓ 

Arab ✓ 

Geometry ✓ 
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In this case, some participants understand that Student 1 constitutes a counterexample 

whereas Student 2 constitutes an example, leading to the belief that a counterexample is 

provided. This is incorrect because the particular affirmative statement is true in the model: 

there is some student taking both geometry and linguistics, namely, Student 2. In the 

vocabulary of model theory, they are confusing the notion of a structure not being a model for 

a statement, with the notion of it being an instance, within the structure, for the negation of 

the statement. An explanation emphasizing that truth in a structure must take it as a whole 

turns out to be very useful in clarifying such misconceptions. 

Which algorithm do individuals follow for countermodeling construction? Participant S20 was 

very conscious about what he did, and about the fact that he switched during posttest 1. First, 

he began constructing a model of the premises and only then tried to provide a countermodel 

of the conclusion. At the end, he noticed that for him it was easier to begin countermodeling 

the conclusion and then try to satisfy the premises. In fact, there was an improvement over 

the test: his only 3 mistakes were in the problems presented in position 3, 5 and 12, with no 

mistakes in his last 4 problems. Also, in his final test, after making this explicit remark, he 

performed perfectly both in conclusions evaluation (16/16) and correct countermodeling 

construction (9/9 possible countermodels). He changed his strategy because, as he indicated, 

it was easier, then, to remember that the conclusion had to be false in order to obtain a 

countermodel. We point to this case because, even if we believe that such a conscious 

metalevel monitoring as exhibited by S20 was not generally present, it indicates that 

countermodel construction may put into action clearly different algorithmic strategies even 

with such simple models as these.  

6.5.3.2 Interpretation	of	the	quantifiers	
Two well-known concerns regarding the interpretation of the quantifiers involved in the 

statements were posed by our students. 

The first was about the “conversational” use of the existential (or “particular”) statements. 

Student S33 said, during the feedback on session 3, that some of his “mistakes” in posttest 

1were occasioned because he interpreted all existential assertions (Some A are B) as affirming 

also that Some A are not B. This implicature (Grice, 1975), is usually explained in terms of 

informativeness (“Make your contribution as informative as is required”). 
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Student S29 made explicit the same interpretation during the feedback session. In fact, she did 

so as an explanation of the fact that in some cases she added a third element to the 

countermodels. Two elements, in fact, are not always enough when assuming such an 

interpretation. 

A second perplexity was about universal statements. For example, during the explanation of 

session 2, we used Syllogism AI3 as an example: 

All the students taking linguistics are taking Arabic. 

Some of the students taking geometry are taking Arabic 

Conclusion: 

Some of the students taking geometry are taking linguistics. 

Participant S25 proposed the following counterexample: 

Student 1:    

Linguistics ✗ 

Arabic ✓ 

Geometry ✓ 

Student 2: 

Linguistics ✗ 

Arabic ✓ 

Geometry ✓ 

She argued that the first premise is true in this case, because if there is no student taking 

linguistics, then the universal statement holds. This led to a debate in class. It is well known 

that this is the key feature that distinguishes the Aristotelian and the modern interpretation of 

the universal quantifier. As explained in 4.1.4., for Aristotle, universal statements have 

existential purport whereas modern interpretations do not require this. Was the premise true 

or not? We clarified the point emphasizing the historical development just mentioned. We did 

not commit to any of these conventions as “the correct” one, explaining that the interest of 
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their answers in the tests was not in adhering to one or other of these normative positions, 

but to analyze how they reason. Educationally, it was an opportunity for us for emphasizing 

the conventional and historical character of some logical rules. Therefore, they were “allowed” 

to construct counterexamples according to their choice. Interestingly, in both posttest 1and 

posttest 2 student S25 presented a systematic tendency in modeling all the universal 

affirmative statements in the premises using “empty antecedents” (interpreting the universal 

as an implication). This one was an extreme case, but 7 other participants stated explicitly 

(when interrogated) that they had used this feature in at least some of the problems. In the 

table in the supplementary material we report in separate columns the scores from the two 

normative standpoints (“traditional” vs “modern”). The countermodels data provide us here 

with strong evidence of reasoning with empty sets, indicating that a unique logical standpoint 

(as traditionally used) may shadow other reasoning strategies equally legitimate. 

6.5.3.3 Decidability	and	proof	
A final aspect that emerged during the discussions with participants that we want to 

emphasize, is that some of the questions and concerns reflected their conceptions about proof 

and mathematical procedures. 

Student S09, for instance, was looking for an algorithmic mechanism for constructing 

counterexamples. He realized that at some point not everything was completely determined 

at each step of the construction about the two elements of the models. Some of the features 

were usually underdetermined by the premises. Part of the work was an exploration, 

sometimes hypothetical, which could eventually lead to a counterexample. The fact of having 

two or more possibilities and having to suppose something without knowing the final result 

produced a manifest anxiety in him. His conception about mathematics was procedural and he 

expected to reduce argumentation and proof to this level. 

Two different students commented independently that there is a necessity for a procedure for 

establishing validity of syllogistic inference. Counterexample construction is in fact a means 

which in principle leads only to showing invalidity. 

As student S01 asked in session 3: “Professor: is there any way to be sure that the conclusion 

follows? Counterexamples tell you that a conclusion does not follow, but what about correct 

conclusions?” From this, it could be made clear to them that in this particular case, the 

combinatorial exhaustive search in the space of models with two element led to the 
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establishing of validity (as explained in section 6.3), and that this was feasible in a reasonable 

time. In this case, the situation led naturally to the implicit understanding of the metalogical 

notions we wanted to reach such as the concept of logical necessity. 

 	General	discussion	
The fields of cognitive psychology and mathematics education meet at different points in their 

subject of study. Even if their particular aims do not always coincide and mutual 

communication is not straightforward, there is a recognized need for interaction between 

them (see e.g.  Gillard, Van Dooren, Schaeken, & Verschaffel, 2009; Star & Rittle-Johnson, 

2016). 

The present study is an attempt at such an interaction. Its focus is on the crossroad of cognitive 

psychology (the topic of study, the design of the tests), educational psychology (class-based 

interventions, the learnability and teachability of a topic) and mathematics education (the role 

of counterexamples for mathematical reasoning, the emergence of the notion of proof and 

refutation). We see the two experiments presented as complementing each other taking into 

account the strengths and weaknesses of each discipline.  

We see such an interaction taking place at the fundamental levels that guided our study: the 

role of counterexamples in reasoning, and the communicative goals pursued at the base of this 

process. 

On the one hand, as already indicated in section 6.3, the theme of examples and 

counterexamples plays a role both in psychology and mathematics education and can be 

addressed from the logical point of view, where “models” and “countermodels” have a precise 

definition. We addressed the problem here, in a very constrained situation, with this level of 

precision. This allows us to conclude that the process of generating a preferred model56 in 

reasoning is not necessarily accompanied by a subsequent search for counterexamples (as 

proposed by the mental models theory).  And that mental models explanations of the 

conventional tasks do not fit the evidence—it is not just that countermodeling does not take 

place—what does take place is interpretable as inference in a different logic. The explicit 

 

56 Here the term is used informally, but we mention that it has a technical counterpart in the preferential 

semantics (Shoham, 1987) for non-monotonic logics. 
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generation of counterexamples leads in our experiments to completely different results 

compared with tasks which do not require this generation. It leads also, in our view, to a 

completely different notion of deduction and the logic underlying it.57 We think that this 

difference is more generally crucial in mathematical reasoning.  

As we can infer from our second experiment, the generation of counterexamples requires in 

many respects a process of familiarization, disambiguation and mastering. We could see this 

process in a relatively simple situation (2-element models, 3 monadic predicates, a limited non 

recursive syntax). It is even more necessary in the far more complex range of mathematical 

contexts. 

On the other hand, context and communication determine the kind of reasoning that is 

elicited. The issue of context dependency has been widely documented in the psychological 

literature, and acknowledged in different ways from approaches such as ecological rationality 

or situated cognition. It is also present to a large extent in educational contexts, in particular 

in mathematics. The communicational situations may vary the goals pursued to the point of 

representing completely different “games” (Wittgenstein, 1953/2003). The game of 

cooperative communication and construction of an intended model, differs completely from 

the adversarial search for possible counterexamples that attempt to defeat a statement or 

argument, as illustrated by the results presented here. We interpret these results as suggesting 

that adversarial argumentation, classical logic deduction, and mathematical proof may be seen 

as linked in a continuum if appropriate contextual prompts are provided. These prompts can 

materialize in communities of practice as emerging from particular communicative situations 

and dispositional attitudes. In this sense, the question of whether there is continuity or rupture 

between argumentation and proof (Duval, 1991, 1992) cannot be answered in general terms, 

but only within a context. The answer is contingent on how the kind of communication and 

argumentation operating in a particular setting is interpreted by subjects. If this interpretation 

 

57 It is clear, as also confirmed here, that participants do not primarily follow classical logic in traditional syllogistic 

tasks. Actual performance on them may be approached more properly with non-monotonic logics (Stenning and 

van Lambalgen, 2008). 
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is based on a cooperative disposition or “game”58, then there is indeed a rupture. The contrary 

occurs if it is experienced as an adversarial one. In this case we obtain a skeptically guided, 

oppositional search in the “example space”. As Balacheff (1987) put it: “intellectual proof 

mobilizes a meaning against another, a relevance against another, a rationality against 

another”59. We see in the different tasks studied here indications of the presence of these two 

dispositions: CV, COMM-C and EV show a primary tendency towards a cooperative setting, 

whereas our countermodeling tasks are tied to an adversarial stance, both when it is a manifest 

competition (CMA) or when it is an “adversarial cooperation” (CMA2). These are, even in the 

limited contexts of our experimental settings, cases of “engagement structures” (Goldin et al., 

2011). We see in particular the “Let Me Teach You” structure operating in CMA2 in order to 

help students grasp the game being played from a situation that they know well. 

Given this contextual character of communication and reasoning and how the diversity of 

situations leads to different processes and outcomes we want to stress that it inheres not only 

the descriptive, but also the normative aspect of logic and its role in psychology. We believe 

that both the cognitive psychology and the mathematics education literatures still miss and 

require pluralistic accounts on how we reason. These should go beyond the crude dichotomy 

between “correct” and “incorrect”60 answers in reasoning tasks, usually evaluated exclusively 

by standards of classical logic. This manifests itself in psychological experiments, where 

participants may well be trying to do a task different from the one intended by experimenters 

(Stenning & van Lambalgen, 2008). The situation is analogous in education, where the notion 

of “error” is often considered as more clear-cut than it is.  Reasoning is a manifold process 

which may require different norms61 in different situations and, accordingly, “errors” may be 

sensible inferences depending on the interpretation adopted. They are not primarily 

 

58 “Game” not only in Wittgenstein’s sense, but also in the Games Theory sense that it can be cooperative or 

adversarial (zero-sum or non-zero-sum). 
59 Our translation and emphasis. 
60 Other labels such as “biases” or “fallacies” are equally contestable when understood in absolute terms. 
61 These diverging norms may be approached through different logical systems. This presupposes logical 

pluralism: “the view that there is more than one genuine deductive consequence relation, and that this plurality 

arises not merely because there are different languages, but rather arises even within the kinds of claims 

expressed in the one language.” (Beall & Restall, 2006 p.3) 
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something to be “eliminated”, an attitude that in traditional education often involves 

emotional and even moral implications  (Oser & Spychiger, 2005). We believe, on the contrary, 

that to a large extent, learning to reason is learning the particular communicative conventions 

at use in a particular discourse, a process which usually also requires appropriate support 

through modes of representation.62 From this perspective we believe that pluralistic accounts 

which integrate this diversity of communication and cognitive situations are needed. The 

results of our study indicate how tasks comparable from their “formal” structure prompt in 

practice different kind of answers. Rationality should not be thought of just as something 

abstractly and generally either possessed or not, but as emerging in particular ecological 

contexts (Simon, 1956), here of a communicational kind.  
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Supplementary	Materials	1	
 

 

Student Pretest Posttest 
1 

Posttest 
2 

SET Posttest 
2 

CMs posttest 1 
(traditional) 

CMs posttest 1 
(modern) 

CMs posttest 
2 (traditional) 

CMs posttest 
2 (modern) 

S01 6 9 13 1 0 2 7 7 

S02 9 8 14 2 4 4 6 6 

S03 8 15 16 1 7 7 9 9 

S04 6 5 12 1 1 1 7 7 

S05 13 11 9 2 5 5 9 9 

S06 5 7 14 1 1 1 7 7 

S07 4 9 13 1 4 4 5 5 

S08 12 12 12 1 5 5 4 4 

S09 12 7 16 2 0 0 7 7 

S10 12 16 16 2 9 9 9 9 

S11 3 8 13 1 2 2 7 7 

S12 8 10 15 1 3 4 8 8 

S13 3 11 9 2 1 1 2 2 

S14 7 9 16 2 9 9 9 9 

S15 10 9 7 1 1 1 1 1 

S16 5 6 13 2 2 2 9 10 

S17 9 10 13 2 1 1 8 8 

S18 6 8 NA NA 1 1 NA NA 

S19 2 8 11 1 2 3 5 9 

S20 9 12 16 2 4 4 9 9 

S21 4 5 NA NA 0 0 NA NA 

S22 10 7 16 2 3 3 9 9 

S23 9 8 13 1 3 4 7 8 

S24 4 8 10 2 0 0 2 2 

S25 1 10 13 1 4 8 9 10 

S26 5 12 12 1 4 4 5 5 

S27 6 7 NA NA 0 0 NA NA 

S28 9 10 15 1 3 3 8 8 

S29 9 12 14 2 5 5 8 8 

S30 6 12 11 2 5 7 4 6 

S31 5 11 NA NA 4 4 NA NA 

S32 10 8 15 2 4 5 5 8 

S33 6 8 14 2 5 7 7 7 

S34 5 7 12 2 1 1 3 3 

S35 9 4 13 2 1 1 3 3 

S36 5 8 15 1 0 0 9 9 

Table 5. Students participating in experiment 2, scores in the pretest, posttest1 and posttest 2 over 
16 problems, problems set in posttest 2, accuracy in countermodels provided in posttest 1 (according 
to  traditional and modern criteria), accuracy in countermodels provided in posttest 2 (according to 
traditional and modern criteria). 
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 Supplementary	Materials	2 
Instructions for the 5 tasks reported in the article with a problem example for each one. 

The	first	four	tasks	were	prefaced	by	the	following	Introduction.	They	then	diverged	as	

described	afterwards. 

6.7.1 General	introduction	to	Syllogisms	
This experiment is about a kind of reasoning problem which you've probably heard of -

syllogisms. Syllogisms have two premises, each relating a shared term to another term, for 

example:  

All the students taking chemistry are taking botany.                                                                                    

Some of the students taking botany are taking physics.  

These two sentences are the two permises. The term shared between the premises is `taking 

botany'. `Taking chemistry' and `taking physics' are both non-shared terms.  

The question is, assuming these premises are true, what can we conclude with certainty, if 

anything, about the relation between the unshared terms? To give the example some context, 

imagine that the person in charge of the inscriptions of some optional courses at a university 

is examining what courses the students are going to take next year in order to fix the timetable. 

Any student can decide to take any combination of these courses, or many other courses not 

mentioned here. The premises tell us something about which courses these students are 

actually taking next year. What do these two premises determine about the relation between 

who is taking chemistry and physics? Which, if any, of these conclusions can we make?:  

all the students taking chemistry are taking physics, 

some of the students taking chemistry are taking physics 

none of the students taking chemistry are taking physics 

some of the students taking chemistry are not taking physics 

all the students taking physics are taking chemistry 

some of the students taking physics are taking chemistry 

none of the students taking physics are taking chemistry 

some of the students taking physics are not taking chemistry 
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So now you know what syllogisms are. There are 64 such syllogisms (pairs of premises) varying 

in "all", "some", "none", and "some . . . not", and in the arrangements of their terms. For some 

there is a single conclusion, for some there are several, and for some there are none. You will 

be set a number of problems. Take them as self-contained - the information in the premises 

does not carry over from one to the next.  

6.7.2 Conventional	task	(CV)	
You are going to be presented with pairs of premises and your task is to draw a valid conclusion 

which must follow if the premises are true, or to say that there is no such valid conclusion. This 

is just as illustrated with the example given in the introduction. You respond by ticking the 

conclusion you choose from the menu of all possible conclusions. You can choose only one 

conclusion, any valid one will do.  

You can use pencil and paper to keep track of things if that helps. You should ignore what your 

fellow students are doing: they all have problem sheets that differ in their tasks and materials. 

Start at the beginning and work through. Please don't go back, even if you realise later that 

you want to change your mind -we are interested in your first decision.  

Problems example: 

WHAT FOLLOWS FROM:  

All of the students taking psychology are taking polish  

All of the students taking geometry are taking polish  

CONCLUSION MENU (Select only one option): 

All of the students taking psychology are taking geometry 

None of the students taking psychology are taking geometry  

Some of the students taking psychology are taking geometry  

Some of the students taking psychology are not taking geometry  

All of the students taking geometry are taking psychology 

None of the students taking geometry are taking psychology  

Some of the students taking geometry are taking psychology  
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Some of the students taking geometry are not taking psychology 

None of the above  

6.7.3 The	Evaluation	Task	(EV):		
You are going to be presented with pairs of premises and a conclusion. You are asked to 

determine in each case if the conclusion presented must be true if the premises are. In other 

words, if the conclusion is a valid one. 

You can use pencil and paper to keep track of things if that helps. You should ignore what your 

fellow students are doing -they have problem sheets with different tasks. Start at the beginning 

and work through. Please don't go back, even if you realise later that you want to change your 

mind -we are interested in your first decision.  

Problems example: 

Premises: 

Some of the students taking anthropology are not taking greek  

Some of the students taking chemistry are taking greek  

Conclusion:  

Some of the students taking anthropology are not taking chemistry 

Do you accept this conclusion as valid? 

YES, the conclusion is valid:__________   

NO, it is not valid:____________ 

6.7.4 Countermodels	Adversarial	task	(CMA)	
 

Counterexamples 

In our example, you might be tempted to conclude 2. But does this have to 

be true if the premises are true? Can you think of a counterexample, a set 

of students whose choices make the premises true, but for which conclusion 2 is false? 

It is a fact that whenever you can find a counterexample, you can find one consisting in two 
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elements. So we will limit ourselves to counterexamples of two elements, in this case two 

students. Consider the following set (ticking a course means that a student takes it, crossing it 

means that she doesn't): 

1st Student: 

Chemistry      ✓ 

Botany            ✓ 

Physics            ✓	

2nd Student 

Chemistry      ✓ 

Botany            ✓ 

Physics          ✓	

This set makes the premises true (All of the students taking Chemistry are taking Botany, and 

some of the students taking Botany are taking Physics) and conclusion 2 is true: some of the 

students taking Chemistry are taking Physics.  

But here is a counterexample:  

1st Student: 

Chemistry      ✓ 

Botany            ✓ 

Physics            ✗	

2nd Student 

Chemistry      ✗ 

Botany            ✓ 

Physics          ✓	
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Now the premises are still true, but conclusion 2 is false of this set of students. So this 

conclusion is therefore invalid. This is what we mean by a counterexample to a conclusion: 

Counterexample: a situation in which both premises are true but the chosen conclusion is false. 

Conclusions have to be true of all situations that make the premises true. NB. We aren't 

bothered whether plurals have only one exemplar. The number of students is not the issue--

it's all about whether anyone is taking the Combinations of choices.  

**** 

A dubious looking character called Harry the Snake has a stall at the fairground and is offering 

bets about conclusions following from the pairs of premises of syllogisms. You can win when 

Harry proposes a conclusion that you can argue doesn't have to follow, by producing a 

counterexample (a situation in which both premises are true but the conclusion he proposes 

is false). With a syllogism, a single counterexample is enough to show that something doesn't 

follow.  

For an example bet, Harry gives the two premises:  

Some of the students taking astronomy are taking botany.  

All the students taking philosophy are taking botany.  

And he says that therefore ‘Some of the students taking astronomy are taking philosophy’ must 

be true.  

First, you have to decide whether you want to bet against him. If you believe that his conclusion 

does follow, then you don't bet and you go on to the next problem. If you accept the bet, then 

you need to produce a counterexample describing a set of two students like we did above. You 

tick a course if the student is taking the course, and cross it if not. You must either cross or tick 

every course in a combination. Also, both students can take the same combination. NB. If you 

reject bets you could have won, you lose points. 

You can use pencil and paper to keep track of things if that helps. You should ignore what your 

fellow students are doing -they have problem sheets with different tasks. Start at the beginning 

and work through. Please don't go back, even if you realize later that you want to change your 

mind -we are interested in your first decision.  
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Problems example 

Harry's Bet: 

 

Some of the students taking anthropology are not taking greek  

Some of the students taking chemistry are taking greek  

Therefore,  

“Some of the students taking anthropology are not taking chemistry”  

Do you accept Harry's conclusion as valid? 

  

YES, Harry is right, the Syllogism is valid:__________   

NO, I BET AGAINST HIM:____________ 

If YES, go on to next problem! 

If NO, construct your counterexample!:  

1st Student 

anthropology  

greek 

chemistry 

2nd Student 

anthropology  

greek 

chemistry 

6.7.5 The	Countermodels	Adversarial	Task	2	(CMA2):		
Counterexamples 

In our example, you might be tempted to conclude 2. But does this have to 

be true if the premises are true? Can you think of a counterexample, a set 
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of students whose choices make the premises true, but for which conclusion 2 is false? 

It is a fact that whenever you can find a counterexample, you can find one consisting in two 

elements. So we will limit ourselves to counterexamples of two elements, in this case two 

students. Consider the following set (ticking a course means that a student takes it, crossing it 

means that she doesn't) : 

1st Student: 

Chemistry      ✓ 

Botany            ✓ 

Physics            ✓	

2nd Student 

Chemistry      ✓ 

Botany            ✓ 

Physics          ✓	

This set makes the premises true (All of the students taking Chemistry are taking Botany, and 

some of the students taking Botany are taking Physics) and conclusion 2 is true: some of the 

students taking Chemistry are taking Physics. But here is a counterexample:  

1st Student: 

Chemistry      ✓ 

Botany            ✓ 

Physics            ✗	

2nd Student 

Chemistry      ✗ 

Botany            ✓ 

Physics          ✓	
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Now the premises are still true, but conclusion 2 is false of this set of students. So this 

conclusion is therefore invalid. This is what we mean by a counterexample to a conclusion: 

Counterexample: a situation in which both premises are true but the chosen conclusion is false 

 Conclusions have to be true of all situations that make the premises true. NB. We aren't 

bothered whether plurals have only one exemplar. The number of students is not the issue--

it's all about whether anyone is taking the Combinations of choices.  

***************	

Correcting	exams.	

Suppose you are a professor of a course on Logic, and that you are correcting some exams on 

Syllogisms. Participants in the exam must select a correct conclusion from given premises, and 

you must tell them which of the conclusions in their answers are correct or not. With 

syllogisms, there is a way to know always if a conclusion is valid or not:  

If there is no conterexample, then the conclusion is valid, if there is at least one, the conclusion 

is not valid. 

For instance, suppose that the two given premises are:  

Some of the students taking astronomy are taking botany.  

All the students taking philosophy are taking botany.  

And in the exam you are correcting it is affirmed that therefore ‘Some of the students taking 

astronomy are taking philosophy’ must be true.  

First, you have to decide whether the conclusion is correct. If you believe that his conclusion 

does follow, then you select this option and go on to the next problem. If you think that it 

doesn’t follow to help your students understand their mistakes and improve their results, you 

must produce a counterexample describing a set of two students like we did above. You tick a 

course if the student is taking the course, and cross it if not. You must either cross or tick every 

course in a combination. Also, both students can take the same combination.  
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You can use pencil and paper to keep track of things if that helps. You should ignore what your 

fellow students are doing -they have problem sheets with different tasks. Start at the beginning 

and work through. Please don't go back, even if you realise later that you want to change your 

mind -we are interested in your first decision.  

Problems		

You find in an exam: 

 

Some of the students taking anthropology are not taking greek  

Some of the students taking chemistry are taking greek  

Therefore,  

Some of the students taking anthropology are not taking chemistry  

Do you accept this conclusion as valid? 

  

YES, this is right, the conclusion is valid:__________   

NO, it is not a valid conclusion:____________ 

If YES, go on to next problem! 

If NO, exhibit a counterexample!:  

1st Student 

anthropology   

greek 

chemistry 

2nd Student 

anthropology  

greek 

chemistry 
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6.7.6 The	Communication-ConclusionTask	(COMM-C):		
This experiment is about a kind of reasoning problem which you've probably heard of -

syllogisms. Syllogisms have two premises, each relating a shared term to another term, for 

example:  

All	the	students	taking	chemistry	are	taking	botany.	

Some	of	the	students	taking	botany	are	taking	physics.		

These	 two	 sentences	 are	 the	 two	 premises.	 The	 term	 shared	 between	 the	 premises	 is	

`taking	botany'.	`Taking	chemistry'	and	`taking	physics'	are	both	non-shared	terms.		

Now, you can make the following statements about the relation between the unshared terms:  

1.	all	the	students	taking	chemistry	are	taking	physics,	

2.	some	of	the	students	taking	chemistry	are	taking	physics	

3.	none	of	the	students	taking	chemistry	are	taking	physics	

4.	some	of	the	students	taking	chemistry	are	not	taking	physics	

5.	all	the	students	taking	physics	are	taking	chemistry	

6.	some	of	the	students	taking	physics	are	taking	chemistry	

7.	none	of	the	students	taking	physics	are	taking	chemistry	

8.	some	of	the	students	taking	physics	are	not	taking	chemistry	

	

A GAME 

Now, suppose you are participating in the following game played between teams of 2 persons. 

Your team-mate and you must communicate in a constrained situation. You are working as a 

team with both hoping your team gets as many points as possible.  

On each problem your team mate has extracted a statement with two terms with "all", "some", 

"none", and "some . . . not",  as numbers 1 to 8 before, and she can communicate it to you by 

sending you two other sentences of the same kind but the two terms cannot be now in the 

same statement, so she must use a third term. 
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What you receive, then, are two syllogism premises and from them you should select your best 

guess about the sentence that your team-mate wants to communicate to you. 

If you can guess what sentence (s)he has in mind from the pair of premises (s)he gives you, 

then your team win 5 points. If you guess wrong, then you both lose 1 point. There is also the 

option: “Have no preferred guess”, in which case you neither win, nor lose any points. You are 

competing against other groups, so at the end the team with more points wins. 

You are going to be presented with pairs of premises that your mate send you, and your task 

is to guess the sentence from the menu which (s)he wants to communicate to you. This is just 

as illustrated with the example given in the introduction. You respond by ticking the sentence 

you choose from the menu of all possible ones. You can choose only one of them.  

You can use pencil and paper to keep track of things if that helps. You should ignore what your 

fellow students are doing: they all have problem sheets that differ in their tasks and materials. 

Start at the beginning and work through. Please don't go back, even if you realize later that 

you want to change your mind -we are interested in your first decision.  

Problems example 

The premises your team mate sends you: 

All of the students taking psychology are taking polish  

All of the students taking geometry are taking polish  

What is your guess about what your team mate wants to communicate to you? (select only 

one option): 

All of the students taking psychology are taking geometry 

None of the students taking psychology are taking geometry  

Some of the students taking psychology are taking geometry  

Some of the students taking psychology are not taking geometry  

All of the students taking geometry are taking psychology 

None of the students taking geometry are taking psychology  
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Some of the students taking geometry are taking psychology  

Some of the students taking geometry are not taking psychology 

Have no preferred guess 
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 Article	2	

Logical	Reasoning	beyond	Classical	Logic:	An	

Illustration	with	Pythagoras	Theorem		

Abstract 
We report on a study conceived with the idea that the use of logic in regard to mathematical 

reasoning as it actually occurs in practice is not limited to its prominent role in formal 

deductions and proofs. Interpretation of different mathematical situations elicits in fact the 

use of mostly unconscious forms of reasoning, close to those of narrative processing, which do 

not coincide with the expectations of traditional logic. This is pervasive, in particular, in 

educational situations at different levels, as we illustrate with interpretations which can 

emerge alongside an apparently obvious mathematical statement, namely, Pythagoras 

Theorem. We defend the position that analyses of “errors”, should start by understanding their 

prevalence and non-arbitrariness. Accordingly, we use a nonclassical logics whose features 

may give new insights to the kind of learning obstacles often found in the literature, as well as 

in our results.  

Keywords:		
reasoning, logic, conditionals, closed world reasoning, negation as failure  

 



 

126 

 

 Introduction 
During the last fifty years the psychological literature on reasoning has provided us, as one of 

its characteristic themes, a whole body of evidence that the interpretation and use of the 

logical connectives in different contexts is far from obvious. An important example is the 

meaning of conditional statements. One of the effects most widely reported and studied is 

that these are interpreted in different ways, very commonly in disagreement with the meaning 

of the so-called material implication. Well known experiments like the Wason Selection task 

(P. C. Wason, 1968) give us a complex vision that has been widely seen as a lack of the 

normative logical competency and even as supporting our lack of rationality. Similar trends are 

present in the educational literature on reasoning in mathematics where we can see that 

deviations from the standards of traditional logic are commonly understood as mistakes to be 

eliminated, in accordance with the developmental stage acquired by individuals (see e.g.,  

(O’Brien et al., 1971) or through explicit training on logic  (Durand-Guerrier et al., 2011).  

It is also possible, however, to take into consideration in this context different logical standards 

and accounts others than classical logic, as has been considered and studied in cognitive 

psychology (Stenning & van Lambalgen, 2008). We can see similar proposals for considering 

alternative interpretations or logics not necessarily regarded as errors in (Hoyles & 

Küchemann, 2002) and in (D’Amore, 2005). Here we propose yet other considerations from 

developments in logic and AI. These, we claim, may not only help us to reevaluate traditional 

views on logic, but also on actual human reasoning, providing both a description, and a deeper 

understanding of it, which is educationally important as a basis for communicating with 

students. In this paper we report on an experiment about the understanding of a particular 

conditional statement (Pythagoras’ Theorem). The meaning of this statement is apparently 

obvious (who doesn’t know what this theorem is about at an undergraduate level?). Even so, 

we will see that the meaning of the statement may be underdetermined if we consider what 

we may take it to imply, and how different interpretations may emerge.  

Our results, in part, extend to a different sample and a different instrument already 

documented results (e.g. in Durand-Guerrier, 2003; Hoyles & Küchemann, 2002; O’Brien et al., 

1971) about how students interpret the implication. We intended to test these and other 

phenomena (1) at a university level with a students who had received previously some training 
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in traditional logic (even if no mention of logic was made during the test) and (2) with 

mathematical content where their knowledge was beyond dispute. We were interested in (1) 

in order to confirm the robustness of the results (which reveal reasoning tendencies which are 

not modified in general after traditional logic courses). On the other hand, (2) could provide us 

data on the logical reasoning processes in themselves, reducing possible interference with 

insufficient or possibly mistaken mathematical knowledge.  

As for the analyses, we will use Logic Programming (LP) (a nonmonotonic logic), some of whose 

salient relevant features we will briefly present. In this choice, we follow some recent trends 

in the psychology of reasoning (Stenning & van Lambalgen, 2008), which show that the 

traditional monolithic identification of logic as classical logic can be widened to the use of other 

logics more suitable to model and explain the results of a series of psychological experiments.  

Logic, we shall argue, is not fixed, given from the outset, but obtained only at the end of an 

interpretational process. Only once the kind of logic is established can we go beyond the 

information given and establish a whole model or “world”. In this, statements are not taken in 

isolation, but as part of a whole web of beliefs. This knowledge coordination, being largely 

unconscious, may lead us to believe and to act in discrepancy from standards acquired or 

expected through instruction.  

 Methods	 
The experiment here reported is part of a doctoral thesis on reasoning in Mathematics from 

an educational perspective, and the use of different logics as means for modelling it. The 

Participants were 178 2nd year Engineering students (mean age=19 years) from El Bosque 

University at Bogotá. All the participants had taken in their first year an introductory course on 

logic which included classical connectives, truth tables and classical deduction schemas as 

modus ponens and modus tollens (see below).  

7.2.1 Materials	 
We applied 40 minute questionnaires about different subjects of elementary mathematics. 

The following are the translations (originals in Spanish) of the two questions analysed here:  

Question P1  
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Pythagoras’s Theorem may be stated as: 

If	we	have	a	right-angled	triangle	with	hypotenuse	a	and	legs	b	and	c,	then	the	relation		𝑎$ =

𝑏$ + 𝑐$	holds.	

As	an	immediate	application	of	this	statement	(i.e.,	not	assuming	other	geometrical	facts)	

we	can	conclude	that:	

o The right-angled triangle with b=1 and c=2 has a= √5 

o The triangle with a=4, b=3 and c=3 is not right-angled 

o The triangle with a=5, b=4 and  c=3 is right-angled 

o If triangle with b=1 and c=2 is not right-angled then a cannot be √5 

o The right-angled triangle with b=3 and c=3 has a= 2√3. 

Select the option or options that you consider to be correct. If you want to specify something 

about your selection please do. 

Question P2  

For every right-angled triangle with hypotenuse a and legs b and c, the following holds (choose 

a unique option):  

o The sum of the areas of the equilateral triangles constructed on the sides b and c equals 

the area of the equilateral triangle constructed on a.  

o The sum of the areas of the semicircles with diameters b and c is equal to the area of 

the semicircle with diameter a. 	

o The sum of the halves of the areas of the squares constructed on the sides b and c is 

equal to half the area of the square constructed on a. 	

o The sum of the areas of regular pentagons constructed on the sides b and c is equal to 

the area of the regular pentagon constructed on the side a. 	

o All the above 	

o None of the above 	

Justify briefly your selection. 	
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In Question P1, as may be noticed, the first four options in the menu correspond, in order (the 

order on the used booklets was randomized), to the schemas modus ponens (MP), modus 

tollens (MT), affirmation of the consequent (AC) and denial of the antecedent (DA). Formally, 

the schemas correspond to:  

𝐴 → 𝐵, 𝐴 ⊢ 𝐵		(MP)	 	 	

𝐴 → 𝐵,¬𝐵 ⊢ ¬𝐴		(MT)	

𝐴 → 𝐵, 𝐵 ⊢ 𝐴		(AC)	 	 	

𝐴 → 𝐵,¬𝐴 ⊢ ¬𝐵		(DA)	

A more detailed examination would require the use of predicate logic, for we are dealing in P1 

with a general statement (the theorem) and particular instantiations of it. Nevertheless, we 

will limit ourselves to propositional logic for the level of analysis required here. As is well 

known, the first two deductive schemas are classically valid. On the contrary, AC and DA are 

usually considered as “fallacious” inferences: from the truth of the premises the truth of the 

conclusion doesn’t necessarily follow. The 5th option in the menu of answers is a filler where 

application of Pythagoras’ Theorem would lead (by MP) to a result different from the proposed 

𝑎 = 2√3. 

Question P2, on the other hand, is intended to explore how far the students are open to 

accepting the possibility of an analogy or a generalization of Pythagoras’ Theorem. How closed 

are they on the already established knowledge? Technically speaking, this will be linked to 

what is known as closed world reasoning (see below).  

 Results	

7.3.1 Question	P1		
 

Table 6 summarises the endorsement rates of the 4 deductive schemas already described. The 

format and the mathematical content of our question make it not directly comparable with 

the meta-analysis, based on 11 studies, from Evans, Newstead, & Byrne (1993). Even so, for 

the sake of reference, we repeat those results here for convenience.  
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7.3.2 Question	P2	 
In Table 7 we report the percentages of the chosen option in P2. A generalization of 

Pythagoras’ Theorem is definitely not a standard scholarly topic in Colombia, so presumably 

options 1 to 4 were not known to be true by our participants. This is confirmed by the 

justifications provided by them, almost all of them either absent (36.5%) or incorrect (53.4%). 

Only a few students provided a valid argument for option 3, for which a proof could be directly 

provided. Our interest focuses though on a qualitative analysis for justifications to option 6.  

  

Schemas Literature Experiment 

MP 89-100% 86% 

MT 41-81% 50% 

AC 23-75% 68% 

DA 17-73% 42% 

Filler  12% 

Table 6. Endorsement rates for deductive schemas in Question P1 in the literature and in our study 
(N=178) 

 

Option Percent 

1 19.1% 

2 3.4% 

3 23% 

4 0.6% 

5 13.5 

6 29.2 

NA 11.2 

Table 7. Endorsement rates for the menu options in question P2 (N=178) 

 

The kind of argumentation that some of our students explicitly follow exhibits a case of 

negation as failure (NAF), i.e., the assumption that something must be false from the fact that 

it’s not known (in context) to be true. Here, options 1-4 must be false because none of them is 
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included in the known information (basically Pythagora’s Theorem). In other words, 

Pythagoras’ Theorem is not only something true, but the whole truth, about figures 

constructed on the sides of straight angled triangles. We illustrate that NAF may be operating 

with three of the justifications explicitly provided:  

According to Student 1, “You must form squares on b and c in order to obtain that the sum of 

their areas equals that of the square formed on a” (our emphasis). Similarly, Student 2 affirms: 

“In question P1 we are told what Pythagoras’ Theorem says... this means that it’s not 

applicable for any other answer, for they talk about other geometric figures.” (our emphasis). 

Finally, in Student 3 we find: “Theorems (in the menu) are false given that none of them is 

related to those concerning right-angled triangles”.  

 Some	tools	from	logic 
20th century development of Logic has provided an enormous variety of logics available for 

the purposes at hand in different disciplines. This plurality of possibilities allow us to give 

formal accounts of human reasoning according to the particular situation at hand. Logic is not 

fixed, doesn’t work context-independently, but only through the mediation of a process of 

interpretation which pragmatically determines it.  

Logic Programming (LP) in particular, occupies in our view a special place: born in AI, it was 

designed for a technical treatment of the problem of planning in environments with 

incomplete information. This is precisely the problem that human beings face most of the time 

in real situations that call for reasoning. The fact of taking into account new information 

throughout the planning process makes LP a ‘logic of the process of constructing 

interpretations for new information’.  

We will limit ourselves here to summarizing some of the features of LP applicable to the study 

of human reasoning (a technical treatment may be found in (Doets, 1994)). We mention first 

two properties relevant for our study:  

Syntax: Formulas in LP are restricted to Horn clauses (a conditional with the antecedent being 

a conjunction of literals and the consequent a single literal). This decreases substantially 

computational complexity in comparison with classical logic, but LP is still expressive enough 

to cover significant fragments of human reasoning and language processing, specially if 
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considering the predicate and not only the propositional versions of LP, see Kowalski (2011), 

Stenning and van Lambalgen (2008) and van Lambalgen and Hamm (2005).  

Closed world reasoning: As already mentioned databases or “programs”, i.e., sets of Horn 

clauses, codify the available information. From these, it is possible to extract additional 

information in a way which substantially differs from classical logic. Particularly important is 

what is known as “closed world reasoning” (CWR), which essentially manages the problem of 

overcoming the incompleteness information, treating the database as if it were complete. This 

assumption is manifested at different levels, e.g. in the treatment of negation. As stated 

before, the negation as failure (NAF) interpretation assumes that a statement is false if we 

don’t know that it is true (in current context), which means here that it does not belong to the 

working database.  

Another important aspect of CWR is the “completion semantics”. Roughly speaking, if the 

database or program is taken as if complete, the set of all the program clauses with the same 

consequent is a disjunctive definition of this consequent. In this sense, implications are 

“biconditionals in disguise” (Kowalski, 2011).  

We mention two other features that we will not use in our discussion, but that we consider 

important in the context of math education:  

Non-monotonicity: The information acquired in a particular situation is treated as belonging 

to a database. New information may be incorporated into it, which can defeat previously valid 

conclusions. This makes this logic non-monotonic, a feature that we will not consider in our 

examples but that makes these logics particularly tuned to human reasoning to 

interpretations. In particular, this constitutes the very core of what is expected from education: 

the acquisition of new knowledge may defeat previously supported conclusions and reshape 

our view on a particular topic.  

Inferential character of implication: Classical connectives are truth functional: the truth value 

of a formula involving them is completely determined by the truth values of the atomic 

formulas appearing in it. Conditionals in LP behave differently, more as a ̀ license for inference’ 

in logic programs—a sort of contentful inference rule. The main difference between the two 

interpretations is the case when the antecedent is known to be false. According to classical 

logic this makes the conditional true, but in the second case it simply deactivates inferences 
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from the conditional. As noticed by Hoyles and Küchemann (2002) evidence indicates that the 

last sense seems closer to the interpretation of students in mathematical contexts.  

 Discussion	and	conclusions	
The prevalence of misconceptions like the fact that a mathematical statement is often taken 

as saying “the same thing” as its converse (Hoyles & Küchemann, 2002) calls for a cognitive 

account which explains why we reason this way. This is even more necessary considering the 

fact that this phenomenon is not limited to particular groups or ages: as confirmed again by 

the results of Question P1, it is present also at a pre-graduate level (even after explicit 

instruction in logic) with items with mathematical content. The fact that from Pythagoras’ 

Theorem students infer its converse is shown by the high rate of participants that endorse the 

validity of the option which corresponds to the classically invalid AC schema (68%). This 

endorsement rate is, remarkably, even higher in our results than the classically valid MT. The 

converse of Pythagoras’ Theorem is actually valid: Euclid himself demonstrates it as a corollary 

immediately after the direct theorem. But our participants didn’t know this fact: it was not for 

them a studied result, and when asked in a final test question about their previous knowledge 

of it, they denied it, and sometimes, again, they even seemed to be unable to distinguish 

between the two statements. A form of the LP completion semantics, as already shown e.g. in 

(Stenning & van Lambalgen, 2008) for similar phenomena, can give a formal account for this 

“biconditional effect” which has been widely noted in the psychology of reasoning.  

Results of Question P2, on the other hand, show us also another form of CWR: What is not 

known, or has not been explicit asserted, is simply false. Participants argumentation, above, 

basically asserts that Pythagoras’ Theorem cannot be generalised to other figures because 

what is not explicitly stated in it cannot be true. Here, we emphasise in this phenomenon the 

underlying logical process using the technical term, NAF, but it can be stated in other forms. It 

can be approached in terms of informativeness (Grice, 1975): if more informative versions of 

the theorem are possible (a student may ask) why are they never mentioned by teachers or by 

standard books? In yet another tradition, psychologist Daniel Kahneman (2011), has coined 

the term WYSIATI “What You See Is All There Is”. Here we want to emphasize, not primarily 

the “biased” character of this reasoning procedure, but its computational advantages: it allows 

us to overcome the absence of information by establishing default assumptions about it. We 

reason as if we have complete information precisely because we don’t have it but at the same 
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time, in the real world, we need to infer, decide, and act in finite time overcoming this 

incompleteness. Of course, a converse of a theorem should not be inferred automatically 

without proof (as in P1), and theorems going beyond the established ones are not necessarily 

false (as seen in P2), and we are not doubting that our students should acknowledge this. What 

we want to stress is that what they are applying is not necessarily per se irrational. What all 

too often is required from us in everyday situations is what mobilises our reasoning in 

situations such as those presented.  

In this sense, we think that characterizations for these phenomena as “child logic” , in contrast 

to a “math logic” (O’Brien, et al., 1971) may be misleading in several ways: on one hand, 

treating this form of reasoning as a “poor man’s logic” in the absence of full acquisition of 

classical logic, and not as a phenomenon that can be characterized, explained, and even 

justified on its own. On the other hand, the use of this kind of logic is not at all restricted to a 

certain developmental stage as this name (“child”) seems to indicate. It may well be thought 

as a fundamental component of mature thought, and even of mathematical thought in its 

heuristic informal aspects. We want to replace the “poor man’s logic” attitude on the part of 

the teacher, with a “two logics working together” attitude. And to raise the educational 

question whether explicitly teaching that there are “two logics” may actually be a good 

teaching strategy at some levels.  

Both questions, P1 and P2 indicate that in interpreting a statement we tend to establish not 

punctual facts, but a surrounding environment, a connected “web of beliefs”, a “world”, which 

is often, in the technical sense here specified, a closed world. In both cases this allows us to 

infer something not explicitly known, studied or affirmed: in the first case, positively, an 

additional implication is taken for granted, in the second case, negatively, it is taken for granted 

that what is not in the theorem is not true.  

This certainly connects to what Fischbein (1987) already identified about intuition. According 

to him, in this “crystallized—very often prematurely closed—conception... incompleteness or 

vagueness of information is masked by special mechanisms for producing the feelings of 

immediacy, coherence and confidence”. Intuitions, in addition, “cannot be treated effectively 

and positively as mere isolated symptoms but rather as manifestations of highly articulated 

and very complex structures”. What we previously sketched, is an attempt to describe part of 

this articulation of our mathematical knowledge as it occurs in practice.  



 

135 

The phenomena described are not something circumstantial or accidental: they lie at the 

ground of very common “mistakes”, as those documented in the literature, but possibly also 

of ways of thought that are adequate, useful and absolutely necessary in other circumstances 

that require intelligence, either human or artificial (Kowalski, 2011). We propose these turn 

out to be completely fundamental and indispensable faced by the problem of processing 

information in order to construct new interpretations, which would explain the robustness of 

the phenomena. We are in front of a genuine epistemological obstacle (Brousseau, 2006) that 

to be properly overcome, calls for a description of what are the processes so commonly at play, 

and a comprehension that there is an inner logic behind them (Stenning & van Lambalgen, 

2008). This could lead us eventually not only to an explanation of why it is so, but to more 

awareness of the strategies for dealing with the reality of our cognition.  
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 Article	3	

Fostering	probabilistic	reasoning	away	from	

fallacies:	natural	information	formats	and	

interaction	between	school	levels	

Abstract	
The article reports an empirical study on the introduction of elementary probabilistic concepts 

in school, focusing on tasks related to the psychological tradition of heuristics and biases. The 

concepts involved were studied using an extensional natural frequencies approach. We 

describe the school intervention conducted in an interaction across different school levels (5th 

and 9th grades) with the aim of promoting motivation and cooperation thereby strengthening 

learning. 

The different tests were assessed both qualitatively (based on argumentation analyses) and 

quantitatively. The results provide further evidence on the diversity of obstacles tied to 

probabilistic notions. More importantly, they exhibit an overall improvement in performance 

of students at both levels. This work confirms the efficacy of natural frequencies in eliciting the 

intended interpretation of probabilistic tasks and suggests that an appropriate interaction 

between different scholastic levels can be implemented as a fruitful learning arrangement 

Keywords	
probabilistic thinking, natural frequencies, conjunction fallacy, cooperative learning, learning 

through teaching 
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 Introduction	
 

According to the editors of the compendium Probabilistic Thinking: Presenting Plural 

Perspectives (E. Chernoff & Sriraman, 2014), research in mathematics education concerning 

probabilistic thought during the “Contemporary Period” (i.e., during the 1990s and 2000s) has 

been described as “investigating the teaching and learning of probability in classrooms and 

schools, which is due, in large part, to probability becoming a mainstream strand of worldwide 

curricula.” Stochastic literacy is in fact of paramount importance both for informed citizenship 

(decision theory, data management, risk evaluation, etc.) and a required tool in a variety of 

disciplines.  

Even so, educational research is still engaged with some open issues such as, for example, the 

discussion on the different interpretations of probability, the sources of obstacles and biases, 

and the possible strategies to be adopted in the teaching-learning process. These are main 

topics of interest in the “Assimilation Period” (Chernoff & Sriraman, 2014) which corresponds 

to the current phase. The present paper aims at contributing to these issues, focusing more 

specifically on two aspects: 

 the analyses of obstacles that are responsible for deviations from standard norms, and the 

validation of didactic artifacts that can be implemented based on these analyses.  

We base our work on the results of cognitive psychology on probabilistic thought. These are 

inherent to modern frameworks of rationality.  

A main reference in this field has been the heuristics and biases program (Tversky & Kahneman, 

1974)(Kahneman, 2011). The possible interpretations/explanations of its experimental results 

have been the subject of heated debates. Concerning the “conjunction fallacy”, for instance, 

there have been very different or even opposite accounts: from those based on our alleged 

incapacity to deal with it (the original position of Tversky and Kahneman), to the complete 

denial of its existence (e.g. Hintikka, 2004). Another position identifies difficulties in the 

ambiguity of the terms involved,  (Fiedler, 1988; Hertwig, 1995; Hertwig & Gigerenzer, 1999; 

Hertwig et al., 2008) and propose information formats that elicit the intended interpretations. 

Let us now briefly describe the position adopted by mathematics educators regarding 

reasoning biases. This position influences the methodology used when fostering students’ 
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probabilistic competencies. Two basic questions are: Do subjects’ patterns of response change 

across time? Can cognitive biases be overcome by means of adequate learning arrangements 

or representation formats?  

Here two lines of work from the developmental and the educational realms are fundamental:  

In the piagetian perspective  (Inhelder & Piaget, 1958, 1975) when reaching the formal 

operational stage children have the maturity to deal with core logical and probabilistic notions. 

This perspective was challenged, among others, by Fischbein’s research, conducted in the 

framework of his study on intuition. This research showed on the one hand, the presence of 

some skills and intuitions on probability even at an earlier stage, but also, on the other hand, 

reflected the presence of cognitive biases at different school levels, revealing that the 

incidence of some “misconceptions” is stable, and may even increase across different 

scholastic levels (Fischbein & Schnarch, 1997 see also Engel & Sedlmeier, 2005) 

Some of Fischbein’s findings may well be explained by those psychological analyses pointing at 

the ambiguity of the terms in the tasks themselves (Fiedler, 1988; Hertwig, 1995; Hertwig & 

Gigerenzer, 1999; Hertwig et al., 2008). Besides shedding light on the nature of the biases, they 

provide instruments and methodologies for improving students’ probabilistic performance. 

These instruments consist mainly of representation formats, i.e. specific semiotic registers in 

(Duval, 2017) sense, namely natural frequencies and icon arrays (Galesic et al., 2009). 

Along these lines our work investigates the components of adequate interventions for 

fostering probabilistic insight.  

The value of the interventions we propose can be estimated considering some recent 

university-level studies which show that performance in problems inducing cognitive biases 

can be poor in spite of formal knowledge acquisition in more traditional statistic courses (Díaz 

& Batanero, 2009; Díaz & Fuente, 2007). From our perspective these results may be tied to 

traditional approaches to the subject.  

The approach based on interventions, materials and activities we adopt here follows the line 

of (Martignon & Krauss, 2009). Here the advantages of natural frequency formats are 

consistently explored in a learning arrangement based on the interaction between groups of 

students of different ages (5th graders and 9th graders). In this learning-arrangement we let 

older students design hands-on activities to be carried out by younger ones.  
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The paper is organized as follows: first we introduce the theoretical background (section 8.2). 

After a general description of the design (8.2), we present the sequence of activities performed 

by the different groups. Then we report and analyze the results obtained (sections 8.4 to 8.10). 

We conclude with a general discussion in section 8.11.  

 Probabilistic	 thought:	 some	 considerations	 on	 heuristic	 approaches,	
obstacles	and	strategies	

 

8.2.1 Representation	formats:	the	natural	frequencies	approach		
 

By natural frequencies formats in probabilistic reasoning we mean frequencies obtained by 

natural sampling preserving base rate and sub-sample information. Thus, samples are not 

standardized and sub-samples are not normalized at each step of reasoning. In a situation such 

as that of the mammography task (see subsection  8.4.3 below), for instance, we do not talk 

about a probability of 1% of having the disease and a probability of 90% of having a positive 

test given that the patient is ill. Instead, we translate this information into: “imagine 1000 

women. Out of these 1000, 10 have the disease, and out of these 10, 9 have a positive test”.  

Natural frequency formats for probabilistic reasoning were introduced in the ’90s (Gigerenzer 

& Hoffrage, 1995; Hertwig, 1995; Kleiter, 1994). They proved successful in eliciting normatively 

correct responses in probabilistic situations, notably in regard to Bayesian reasoning 

(Gigerenzer & Hoffrage, 1995) and probabilistic conjunctions (Hertwig, 1995). This success 

matches the premises of “ecological rationality” in the sense that humans’ reasoning is 

adapted to information formats similar to those available in natural environments.  

These results motivate an educational program which explores the possibility of improving 

students’ skills at probabilistic reasoning by matching pedagogical strategies to cognitive 

processes. We adopt such a program even for early years in education.  

We are also guided by Bruner’s EIS-principle in the choice of materials: en-active and visual 

materials should be used before symbolic presentations: such materials have proven to be 

successful when combined with natural formats. Materials like “tinker cubes” are successful 

for illustrating and comparing different proportions and to introduce chance and other 
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probabilistic notions (Kurz-Milcke et al., 2008; Martignon & Krauss, 2009). See also other 

graphic and interactive devices at http://www.eeps.com/riskicon/).  

8.2.2 Engineering:	from	psychology	to	didactics	
The so-called “rationality debate” in psychology leads us to search for the contexts and 

presentations which favor probabilistic reasoning. According to (Meder & Gigerenzer, 2014), 

in fact: “Instead of emphasizing human errors, the focus is shifted to human engineering: What 

can (and need) be done to help people with probabilistic inferences?”  

The strategies followed in the ecological and bounded rationality traditions should be linked 

with the natural didactic aims of fostering the acquisition of mathematical competencies in 

students. The debates in psychology on the extent of biases and a different, more subtle 

treatment of “errors” or “mistakes”, can in fact be approached from the mathematical 

didactics side using the conceptual tools proposed in the “theory of obstacles” (Brousseau, 

2006). This theory presents a taxonomy of obstacles frequent in learning processes of any 

mathematical subject. We point to the relevant aspects in our study:  

• Epistemological obstacles, those inherent to the concept itself. Probabilistic concepts, 

in fact, have been historically subject to foundational, conceptual and mathematical 

debates. This is reflected, for instance, in the different approaches to probability, 

whose very definition is far from straightforward.  

• Ontogenetic obstacles, determined by the lack of developmental competencies 

necessary for the acquisition of concepts. In our case, for instance, a certain level of 

numeracy, in particular understanding proportions, is required even for elementary 

probabilistic tasks. Furthermore, an obstacle for probabilistic thinking is the early lack 

of categorization strategies, e.g. coordinating extensional and intensional reasoning, 

see (Hertwig, 1995, pg. 3)63. Obviously, our conceptions of subjects’ resources at a given 

 

63 The philosophical dichotomy “extensional-intensional” describes modes of defining collections, as proposed by 
the School of Port-Royal. Extensional refers to the (list of) members while intensional refers to the properties 
characterizing those elements. Gottlob Frege famously elaborated on the difference between the two approaches 
and, in his example, the intensional difference between “The evening star” and “the morning star”, is not 
extensionally present: they are the same element (the planet Venus). The dichotomy is also reflected in 
mathematics, where a same set can be expressed extensionally (e.g. as {2, 4, 6, 8, 10}) or intensionally ({x|x is an 
even natural number and 1 < x < 11}). 
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stage depend on the position adopted in the rationality debate. Our position, as stated 

before, is guided by the tenants of ecological rationality.  

• Didactical obstacles, which arise, for instance, in the communication between teacher 

and student, as is the case in typical misalignments between them. We focus not only 

on the already mentioned formats, registers and symbolisms tuned for a given purpose 

in a given moment, but also in the social roles established in the didactical situations 

proposed. In our study, students interact with each other adopting non-typical social 

roles (see 1.3).   

Summing up, we see the necessity of designing appropriate activities and presentations. These 

are even more fundamental for concepts (such as the probabilistic ones) which can be dealt 

with, even theoretically, from multiple radically different approaches, and which can be 

unintuitive or even counterintuitive. We have to deal here with the problem of didactic 

transposition (Chevallard & Bosch, 2014): scholarly knowledge needs to be transposed into 

taught knowledge. Here, the proposed natural frequencies approach is not entirely equivalent 

to the strictly probabilistic one. Yet, as it is claimed, it provides students (and humans in 

general) the possibility of handling probabilistic situations successfully and of capturing their 

meaning.  

8.2.3 Learning	through	teaching:	interaction	between	students	of	different	levels		
 

Students’ active engagement, cooperative, team-based work has been extensively shown to 

be highly beneficial when appropriately implemented in learning environments (Slavin et al., 

2003). Here we study an interaction between two levels, namely 5th graders and 9th graders. 

This is conceived in order to benefit both scholarly levels. Part of the motivational expected 

success of the experience lay in the fact that probabilities were a marginal topic in their 

respective curricular trajectory, and that, being new at both levels, could be particularly 

appropriate for a “learning through teaching” design. In our case we analyze an interaction 

across levels in which both are approaching the subject at the same time, but, of course, with 

different tools/constraints posed by their specific level.  

The condition for the selection of the scholastic level of the elementary school students was 

based on their mathematical skills and cognitive development. Following results from previous 
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research in the same direction (Martignon & Krauss, 2009) and considering age and curricula, 

we selected 5th graders as an appropriate target group for the intervention. As for the older 

students we focused both on social and mathematical maturity.  

 Experiments/intervention	design		
The study was based on the interactions of two levels: 5th graders and 9th graders64. This took 

around 2 months (except for point 7, below). As shown in Figure 12  the whole didactic 

sequence was developed according to the following stages:  

(1) 9th graders pre-test. It was conducted both in the target and the control groups. See 

next section.  

(2) Instruction. After presenting the pre-test the tasks were discussed and the relevant 

mathematical concepts were introduced by teachers. The tasks were selected not just 

to reveal some problems or misconceptions, but as a means to introduce probabilistic 

concepts for the first time. The “fallacies” involved and their posterior analysis were 

intended to produce an “aha-moment” and to trigger curiosity about the topic. The 

approach was based on natural frequencies.  

(3) Activities design. Students were given 6 weeks to design activities which could be 

implemented in a 5th graders’ class. This design was conducted in groups (usually 

formed of 4 students each) in 2 phases: first, a written proposal which explained the 

activity and its conceptual background, second the actual elaboration or choice of 

enactive materials as well as the performative action they would realize in the actual 

lessons. This action was simulated and video recorded. At each step students received 

feedback by their teachers.  

(4) 5th graders pre-test. Applied to a control group in a between-subjects design. See 

section 8.8.  

(5) Intervention. At this stage 9th graders guided 5th graders during the realization of the 

designed activities. We considered that the intervention should be implemented also 

with the control group, because of its instructional value.  

 

64 Students were members of Leonardo da Vinci School, a bi-cultural Colombian-Italian school at Bogotá, 

recognized by both Ministries of Education. Students are bilingual and mathematics is usually taught in Italian, 

the language we used in our tests. 
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(6) 5th graders post-test. After the activities the test applied to the control group was 

applied to the target group.  

(7) 9th graders late post-test. During the following school year (5 months later) 

“conjunction-fallacy”-style questions in contexts and formats different from the 

original one were posed in order to evaluate both transfer and sustainability of the 

investigated strategies. This test also included a questionnaire for evaluating students’ 

reactions to and opinions on the experience.  

We will next examine the different activities and results obtained.  

 

 

Figure 12. The didactic and experimental scheme 

 

 9th	Graders’	Pre-Test	

8.4.1 Participants	
48 9th graders: 24 males and 24 females. They were from three different groups. Students had 

some knowledge of statistics but no explicit study of probability theory. In fact, the test was 

presented as a first step for studying this topic.  
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8.4.2 	Procedure		
Students were asked to answer a questionnaire during their mathematics class. Their time limit 

was the end of the class yet all of them finished in less than 25 minutes. Even if the questions 

were closed, students were invited to write any additional comment or justification they 

wanted.  

8.4.3 Design/Materials	
We worked with written tests with 3 questions which we describe next:  

(1) The classical Linda task (Tversky & Kahneman, 1983) with two options: 

Linda is 31 years old, single, outspoken, and very bright. She majored in philosophy. As a 

student, she was deeply concerned with issues of discrimination and social justice, and also 

participated in anti-nuclear demonstrations. Which is more probable?  

[A] Linda is a bank teller. 

[B] Linda is a bank teller and is active in the feminist movement.  

(2) Mammography (mainly based on Gigerenzer, 2008 p.16): participants were asked to 

choose between 4 intervals of equal size. The exact phrasing of the question was as 

follows:  

Let’s consider a woman who has just got a positive result in a mammogram test. Knowing the 

result of the test, she asks the doctor: “Is it certain that I am ill?” The doctor answers, providing 

the following data on the spread of the disease and the reliability of the test:  

• The probability that a woman has the disease is 1%. 

• If a woman is ill, the probability of the test being positive is 90%.  

• If a woman isn’t ill, the probability that the test is positive is 9%. 

In your opinion, what is the probability that the woman has contracted the disease?  

Choose from the following four options:  

[A] 0–25% [B] 26–50% [C] 51–75% [D] 76–100%  

According to standard terminology, the first piece of information conveys the prevalence (the 

base rate) of the test, the second one its sensitivity, and the third one its false positives rate.  
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We introduced a variant from typical literature: 24 of the subjects were presented the question 

without the 3rd piece of information, i.e., the “specificity”. The other 24 were asked to answer 

the question with all 3 pieces of information.  

Our working hypothesis was: if the results of the two groups were roughly the same this would 

point to the view that the 3rd piece of information is not taken into account for the answer. In 

other words, besides the “base rate neglect”, there may be also a “false positives rate neglect” 

at play. This was confirmed by our results. 

(3) A question which typically illustrates the phenomenon known as Falk’s effect:  

Giovanni and Marco receive two boxes, each one containing 2 white balls and 2 black balls. 

Giovanni extracts a ball from his box and finds it is white. Without putting it back in the box, he 

extracts a second ball. The probability that this second ball is also white is less, equal or greater 

than the probability of it being black? Marco extracts a ball from his box and puts it aside 

without looking at it. Then he extracts a second ball and sees that it is white. The probability 

that the first ball extracted is white is less, equal, or greater than the probability of it being 

black. 

 Falk’s phenomenon is seen by Fischbein & Schnarch (1997) as showing the presence of the 

intuitive principle according to which “an event cannot act retroactively on its cause”.  

This question was included because it is interesting to compare the very different effects at 

play in question 2 and question 3: in 2, P(C|E) and P(E|C) tend to be interchanged. In contrast, 

in question 3 the situation is completely asymmetrical for subjects: in P(E|C) E is dependent 

on C, whereas in P(C|E), C is judged as independent of E. In other words, causal intuitions are  

 stronger than those represented by the formal rules of probability.  
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 Questions 1 and 3 have been studied with young students before (Efraim Fischbein & 

Schnarch, 1997). Question 2 has been the subject of a number of tests with adult subjects and 

with young students in different contexts and formats, see e.g. (Wassner et al., 2004; Zhu & 

Gigerenzer, 2006).  

 

Table 8. Answers to the Linda question. 

 

 Results	

8.5.1 	Question	1	
As expected, we obtained an overall prevalence of the B’s (violating the conjunction rule). 

There was also a remarkably high number of A’s. Can this be directly understood as a tendency 

to answer more correctly according to extensional, inclusion criteria? From the written 

comments that the participants added to their answers we can see that most of the A answers 

were not justified by set-theoretic inclusion reasoning, but by other reasons (see the 

corresponding analysis below).  

In any case, the results are as expected, according to the literature. Fischbein & Schnarch 

(1997), in particular, report an 80% of incidence of the conjunction fallacy for 9th graders.  

8.5.2 Question	2	
Separating the two conditions (including and not including the false positives rate of the test) 

we obtain the results shown in Table 10. According to the literature we are prone to neglect 

base rates. This is very dominant even among doctors and other specialists. A further question 

is: do participants provide the same amount of D-type answers with or without the explicit 

mention of the false positives rate? The present results not only show a similar high-D/low-A 

trend for both conditions, but that in the “without False Positives Rate” condition we have 

even a (small) increase in the A answers.  

Type of response Type of group 

Treatment Control Total 

A 8 6 14 

B 25 9 34 
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Type of response 
Type of group 

Treatment Control Total 

A 8 4 12 

B 2 2 4 

C 4 3 7 

D 18 6 24 

NA 1 0 1 
Table 9. Overall answers to the mammography question 

 

 

Type of response 
Type of group 

With FPR Without FPR 

A 4 8 

B 2 2 

C 5 2 

D 13 11 

NA 0 1 
Table 10.Endorsement frequencies for the mammography question including and not including the 

false positives rate (FPR). 
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Figure 13. Endorsement rates for the mammography question with the false positives rate (FPR) not 

included and included. 

 

 
Type of group 

Treatment Control Total 
Giovanni Marco Giovanni Marco Giovanni Marco 

Larger 5 1 2 1 7 2 
Equal 4 20 2 14 6 34 

Smaller 21 11 14 0 35 11 
NA 0 1 0 0 0 1 

Table 11.Compared frequencies of the answers in the the two cases (Giovanni’s and Marco’s) asked for 
in Question 3. 

8.5.3 Question	3	
The results in Table 11 confirm the robustness of Falk’s Phenomenon and its presence (for the 

same subjects) together with base rate bias, a phenomenon which apparently goes in the 

opposite direction.  

 Results:	high	school	students’	explanations		
Going beyond the quantitative results we just presented, students’ explanations, included in 

their answers, provide hunches about underlying processes at play. Explicitly externalized 

argumentation may not faithfully reflect these processes, yet it may provide some empirical 

indication about interpretation and reasoning mechanisms. This is relevant, as the same 

answer may be obtained by different students through entirely different processes, as we shall 
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see. In what follows, we present a selection of explanations which strike us as interesting 

because they illustrate a diversity of interpretations.  

8.6.1 Question	1	
The analysis of explanations reveals phenomena mostly already reported in the literature for 

adults, e.g. in the “think aloud” protocols in Hertwig (1995).  

We present first some argumentations given by students in favor of their choice “B”, i.e., of 

answers violating the conjunction rule. They reflect, in general, the use of communicative 

attitudes and assumptions tuned to a collaborative (as opposed to adversarial) interpretation 

of the information given.  

This is present, in particular, in the use of pragmatic implicatures, in the sense of  (Grice, 1975), 

that go beyond the strict (i.e., classical logical) consequences of the information given.  

We move then to the analysis of the “A” answers and do not find radically different types of 

explanation from those of the “B’s”. The same kind of phenomena will often appear. We 

therefore conclude that even if these answers are consistent with an “extensional” 

interpretation of the task, in reality the actual reasoning appears to be guided by principles 

different from an extensional representation of it.  

Some of the “B” answers must be seen, according to this, far from being just incorrect or 

fallacious. Instead of this, justifications show us in many cases some very reasonable ways to 

cope with the information given.  

 

8.6.1.1 The	expected	answers	
A very common justification for violation of the conjunction rule answers (B in our case) makes 

use of the the “typicality” judgment. This is an important case in how the term “probability” 

may be understood in many different senses. It has been shown (Hertwig, 1995), that when 

there is a disambiguation about probability and typicality judgments in the same task, 

violations of the conjunction rule decrease substantially. Examples of justifications like “B is 

more probable because of her interest in themes of social discrimination and her participation 

in antinuclear demonstrations” Figure 14 can be understood from this perspective. 
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Figure 14. “B is more probable because of her interest in themes of social discrimination and her 
participation in antinuclear demonstrations.” 

It is difficult in some cases to discriminate the presence of tipicality judgments from other 

communication phenomena in action, with which it can be intertwined. Making explicit 

reference in argumentation to communicative pragmatic principles implies a higher level of 

discourse which goes beyond the information content, passing to the level of reasoning and 

communication principles involved. Even so, this meta-level of discourse is present in some of 

the justifications as we illustrate next.  

Among the Gricean conversational principles we find that the information given should not be 

superfluous: it must be relevant. As stated in one of Grice’s maxims: “Do not make your 

contribution more informative than is required”. In  Figure 15 the student makes explicit use 

of this meta-discursive principle when he says: “It seems to me that the second possibility is 

more probable because if it were the other one, the given information about the interest in 

discrimination issues would be useless.” As seen in the figure, the student even underlines 

some of the information as if saying: “Why do you give me this information, if you don’t want 

me to use it?” This may even be stronger with traditional school tasks, where mathematical 

problems assigned usually do not provide useless information. 

 

Figure 15. Grice collaborative relevance maxim exemplified. 
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Figure 16. A and B interpreted as exclusive events. 

 

Figure 17.“Because her being a feminist is not mentioned in any place; even if she is very interested in 
social justice this doesn’t mean she is an activist.” 

On the other hand, in Figure 16 the student argues: “She is a woman who struggles for her 

ideals, therefore I don’t think that she limits herself to be just a bank-teller, but she attempts 

also to change society in some way, and this is so if she is active in the feminist movement.” 

We see another manifestation of the relevance principle: the “exclusion” implicature (see 

Hertwig 1995, p.45). According to this, the two options A and B are interpreted as exclusive 

events, as can be seen here by the opposition “but”, and by expressions as “she limits herself” 

and “just a bank-teller”. Based on this interpretation, the information provided about Linda 

would continue to be relevant, in contrast to the conjunction rule interpretation.  

 

8.6.1.2 	Non	fallacious	but	non-extensional	
In different accounts of the Conjunction Fallacy, the answer “A” is assumed to be the “correct” 

one according to the inclusion A ∩ B ⊆ A and the monotonicity of the probability operator. In 

this sense, “A” answers are assumed to indicate an extensional interpretation of the situation.  

Nevertheless, a completely different view emerges from the analyses of students’ justifications 

of this choice. In fact, in our group, even if 29 % (14 students) of our participants made the “A” 

choice, none of them made an argument along these lines. In contrast our participants made 

reference to other kinds of argumentations using the information given in Linda’s profile 

(which, according to the extensional interpretation, turns out to be superfluous).  
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The more predominant line of reasoning (it is present in 9 of the students) is based on the 

observation that in Linda’s profile, her being a feminist is neither explicitly stated, nor a 

consequence of the information provided Figure 17. 

We do not consider this rationale to be extensional because the inclusion A∩B ⊆ A is in fact 

independent of B being or not being mentioned/implied. Even so, this line of argumentation is 

radically different from the ones discussed above because participants present here a 

skeptical, critical position with respect to the link between the information given and the 

hypothesis “Linda bank teller”.  

Among our students, only one exhibited “pseudo-extensional reasoning” (Hertwig, 1995), i.e., 

based on the fact that “Linda bank teller” (BT) and “Linda feminist” (F) are taken as 

incompatible. 

In other words, BT is assumed to be in contradiction to F, hence the choice A is the only option, 

as for the student in Figure 18: “ A, because the stereotype of a bank teller is not that of taking 

part of demonstrations…”  

 

Figure 18.“Pseudo-extensional” justification. 

Curiously, option A answers admit argumentations both based on stereotypes, as with the 

previous one, but also others justifying the choice against stereotypes (Figure 19): “Why should 

a leftish woman obligatorily be a feminist? Or, why if a woman doesn’t follow the the mass 

media’s ideals about what she is supposed to do when 30, is she necessarily a feminist? This is 

definitely a stereotype.”  

 

Figure 19. Arguing against stereotypes. 
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8.6.2 Question	2	
As a first step here we consider the information explicitly integrated in the justifications. We 

recall that there are three pieces of information involved:  

The base rate (BR) or prevalence: the prior probability that a woman has the disease, 1% in our 

question.  

The sensitivity of the test (S): the probability that the test is positive given that a woman has 

the disease, here 90%.  

The false positives rate (FPR): the probability that the test is positive even if a woman does not 

have the disease (9%).  

Results in  

Table 12 show that the most frequently invoked piece of information is sensitivity: 12 out of 

19 in the first condition (against 7 and 10 for BR and FPR respectively) and 13 out of 21 in the 

second one (against 11 for BR). This is consistent with results in Table 10 which are higher for 

answer D.  

We also observe, that only 2 out of 19 students make reference to all three pieces of 

information, as Bayes’ rule would require.  

In the following we illustrate four salient misconceptions apparent in our students’ 

argumentations.  

 

 
Type of response 

BR+S+FPR BR+FPR S+FPR BR+S BR S NONE TOTAL 

STANDARD 2 2 6 2 1 2 4 19 

NO FPR 0 0 0 7 4 6 4 21 
 

Table 12. Frequencies of participants invoking pieces of information and their combination with BR = 
base rate, S = sensitivity and FPR= false positives rate. We separate participants in the standard 
condition (including the three pieces of information) and the condition with only BR and S (no FPR).  

 



 

155 

8.6.2.1 	Interchanging	conditional	probabilities	
As mentioned above a prominent phenomenon when dealing with conditional probabilities is 

interchanging P(X|Y) with P(Y|X). This appears in our results which show a great amount of 

high probability (D) answers. This “fallacy of the transposed conditional” (Falk, 1986) is even 

manifested explicitly by some students, as in  Figure 20: “The doctor said that the probability 

of having the disease with the positive test is 90%, and she received a positive test.” This 

conveys the precise converse of the information given: “If a woman has the disease, the 

probability that the test is positive is 90%.”  

 

Figure 20.“Pseudo-extensional” justification. 

Others go even further and look at the sensitivity and the false positive rate and see these as 

making up a whole which actually makes up the positive tests. They are mistaking sensitivity 

with positive diagnosticity and at the same time, the false positive rate with the probability of 

not having the disease testing positive. 6 out of our 19 students presented this kind of answer. 

In Figure 21: “76-100%, because if the test is positive there is a 90% (probability) that she has 

the disease, and 9% that she doesn’t.”  

 

Figure 21. Sensitivity and false positive rate as alternative possibilities. 

 

8.6.2.2 	Deterministic	attitudes	under	uncertainty	
Again, as for Question 1, the uncertainty inherent in the notion of probability is difficult to 

grasp. In some of the answers the explanations exhibit a denial of uncertainty per se, and 

provide deterministic factual answers. In Figure 22, for instance, the student says that the 

probability is “100% because she had a positive result, and therefore has the disease” (our 

emphasis). 
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Figure 22.Deterministic understanding of an uncertainty situation. 

The interference between single case probabilities and statistical information is another 

problematic issue: Student in  Figure 23 answers “A” without conviction arguing that “they are 

not giving us enough data: in fact they are giving us data about women in general, not about 

this woman in particular.” In an analogous way, the student in Figure 24, after providing 

support for his choice “D”, concludes: “Anyway, if the doctor reports these statistics, the 

probability that the woman has the disease is a different one.” 

 

Figure 23. Single case probability 

 

Figure 24. Statistics vs. single case probability 

 

8.6.2.3 	The	didactic	contract	in	play	
In some of the previous cases we can see students trying to overcome the need to operate and 

giving an apparently formal procedure with the given numbers. This is part of the established 

didactic contract (Brousseau, 2006). According to this author, in fact, students try to give “an 

explanation that the teacher wanted to hear”. In many cases “the subjects produce the answer 

least incompatible with their knowledge, even when they see very well that it is false: the 

obligation of answering is stronger than that of answering correctly” (Brousseau, 2006, see 

also the “clause of the formal proxy” in (D’Amore, 1999). If our students knew Bayes’ formula 

they would probably try to apply it in a formal way. Not having this tool, they struggle to 

provide some calculation that helps them come up with “the correct” answer, no matter how 
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nonsensical the operations are. We see this, e.g., in Figure 25 where the student probably tried 

to remember something about how he used to deal with percentages.  

 

Figure 25. Trying to operate the numbers given 

Yet another example is given in Figure 26: there are three numbers given, so in order to find 

the answer he finds the mean value: “26-50% because the mean is 33.3%.” This is even more 

salient here because the student first selected the intuitive option 76-100% and only later 

provided his final formal answer. 

 

Figure 26. Mean value 

 

8.6.2.4 Base	rate	acknowledged	and	yet	wrong	answers.	
The base rate neglect may occur not just as an unconscious phenomenon. Base rate may be 

acknowledged and yet considered useless. The student in Figure 27 even crosses out this part 

of information in saying: “This datum seems to me superfluous, the important thing is the test 

reliability.”  

 

Figure 27.Explicit base neglect 
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Furthermore, as seen before ( 

Table 12), almost half of our students invoked the base rate (prevalence) in their justifications. 

However, in two cases the low base rate information (1%) was not taken as an argument 

against a high probability of the woman having the disease given a positive test (as is really the 

case) but as an argument in favor of that high probability: “...therefore the woman has a big 

possibility of being ill, because, given that the disease is so rare, almost inevitably the test must 

be correct” ( Figure 28). 

 

Figure 28.  Base rate: contrary effect 

Another student argues: “(She) has a probability of 75-100% because there are few cases of 

women with cancer, so the test has less margin to be wrong.” 

8.6.3 Question	3	
 

8.6.3.1 “Time	axis	fallacy”	
Some of the justifications make it very explicit that the two situations are completely 

asymmetrical exhibiting chronologist and causalist conceptions of conditional probabilities 

(Gras & Totohasina, 1995).  

In Figure 29 this is persuasively explained: the surrounding line frame establishes how the 

situation in fact is before the extraction of the ball for Marco and Giovanni. This apparent 
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factual reality prevents the student from incorporating the (apparently irrelevant) information 

about the second extraction, which is in fact represented in the crossing out of the white ball.  

 

 

Figure 29. “Giovanni: The possibility that it is white is less than before because there are two black ones 
and one white one. Marco: It’s equal because when the first ball has been extracted we still had two 
black and two white ones.” 

 

8.6.3.2 	Formality	vs.	intuition	
In the answer given in Figure 30 the student struggles between the previous position and 

taking into account the information given about the second extraction in Marco’s question. 

She feels the conflict between what she supposes to be the correct, formal answer (which is in 

fact precisely the “fallacy” here) and the intuitions given by her “instinct”: “...The extraction of 

a white ball in the second turn doesn’t change the initial possibilities, even if instinct may lead 

you to think that the first one was a black one.”  

 

Figure 30. Conflict between (alleged) formality and (correct) intuitions 

 

8.6.3.3 	Uncertainty	and	probability		
As for the previous questions, some of the difficulties for our students were not about 

conditional probabilities themselves and the conflict with time or causality. In some cases 
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students argue using a reason analogous to the laplacian “principle of indifference”: in view of 

uncertainty the possibilities are equally likely. For the student in Figure 31: “For Giovanni (the 

probability) is equal because it is unknown where he put his hand extracting the ball, and the 

same is true for Marco.”  

 

Figure 31. Uncertainty 

Here, degrees of uncertainty are not considered: if we don’t know “where the hand was” 

extracting the ball, we are in the condition of total indifference.  

The student in Figure 32 makes use of this same “principle”, but, incorporating the information 

acquired, makes use of a notion of probability as transferable: “In the case of Giovanni, after 

extracting the first white ball, he has a probability of 1/3 of extracting a white ball another 

time, but the probability of this ball is of 50% and not of 33.3%, as could be thought, because 

when we had the 4 balls ...each of them had the 25% of being extracted. But when a white one 

is extracted, the 25% of this unites with the 25% of the other white one, and for this reason it 

is more probable to extract another white one...”  

Here probability is conceived as something objectively existing in the balls themselves which 

can be transferred from one of them to another becoming “united”.  

 

Figure 32. Transferable probability 

8.6.4 Observations	
 

Concluding, we have analyzed students’ explanations and observed that simply classifying their 

choices as right or wrong is insufficient. The next step will be to show how these students 

prepared and implemented interventions for 5th graders and how they changed their mental 



 

161 

models through this process. Our next section describes the principles on which the 

intervention was based.  

 

 The	intervention	
9th graders were asked to work in a team collaborative setting. They had to prepare materials 

and activities designed to foster children’s intuitions about probabilities. These activities were 

required to conform to the following guidelines:  

• Introduce the expressions “more probable”/ “less probable” based on proportion 

comparisons.  

• Use situations in which properties can be combined to form conjunctions and their 

conjoined probabilities can be assessed.  

• Use proportions like “m out of n” when referring to favorable out of possible cases.  

• Avoid using conjunction fallacy-type tasks, that is, of the Linda kind.  

We introduced this last requirement because the conjunction fallacy is an important 

component of of the test used (see below). We wanted to avoid training effects: we did not 

want 5th graders to learn how to answer such specific questions, but to acquire an extensional 

training with conjunctions which could trigger an extensional treatment even for conjunctions 

of events described intensionally.  

There were also some methodological requirements:  

• The materials used should have enactive or iconic character(Bruner, 1966) (Bruner, 

1966) facilitating interaction and visualization.  

• All the members of each team should engage in an active role during the activities.  

• Activities should to be guided by a Socratic interaction between 9th graders and 5th 

graders.  

• Each activity was expected to last 10-15 minutes.  

During the activities, 5th graders were divided into groups of 5-8 in different locations of the 

classroom, and 9th graders rotated around them. Teachers, both of the 5th and the 9th level, 

were inside the classroom as observers. Some of the activities were video recorded. We will 

briefly outline them next. Since we had two 9th grade classes, each of these groups intervened 
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in one of the two 5th grade classes. For this reason only half of the following activities were 

performed in each of them65. 

We acknowledge that letting elementary school students be taught by their higher level and 

older companions is not something exempt from risks, possible perplexities or even mistakes 

(either conceptual or didactic). Here we tried to minimize these factors: (1) by proposing 

activities about a very specific topic and presented/represented with a number of constraints, 

as explained above, (2) by asking to 9th graders to write down an explicit rationale for the 

choices made and to simulate in advance the activities (video recordings) (3) from this, giving 

them feedback and preventing possible inadequate or incorrect features in their proposals. 

This is clearly organizationally demanding for their teachers and in traditional schools it is 

difficult to systematically repeat interventions like this one66. 

 

 5th	graders’	pre-test	and	post-test	

8.8.1 Participants	
84 5th graders, Ages between 10 and 12 years. Mean age=10.52 years 42 males, 42 females. 

They had no knowledge of probability theory. In fact, the intervention was a first 

approximation to the topic.  

8.8.2 Procedure	
The 5th grade students were asked to answer a 4 page written questionnaire during their math 

class. All of them finished in less than 20 minutes. 40 of the participants took the questionnaire 

before the intervention and the other 44 after a 1 hour intervention.  

8.8.3 Design/Materials	
The 5th grade students were asked to answer a 4 pages written questionnaire during their 

math class. All of them finished in less than 20 minutes. Tests with 5 tasks each. 

The tasks of the test are inspired by experiments in (Massini, 2018;  Multmeier, 2012). Here 

 

65 A detailed description of the activities is offered as an Appendix. 
66 Nevertheless, the pay-offs of this kind of designed interaction may make it worth exploring in connection with 

other mathematical subjects as well, especially if they are faced with a problem-solving approach, something to 

be done perhaps in interactions more extended in time than the one presented here. 
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the tasks were slightly modified and adapted. The most salient feature in all of them is the use 

of natural frequency formats and therefore an extensional representation of the situations. 

This includes, in particular, an interpretation of the conjunction in accordance with set 

theoretic intersection.  

For example:  

Thirty men live in a small village, you can see them represented in the figure (Figure 33) 

 

 

Figure 33. Moustaches 

Look at all the men in the village: are there more men with moustaches who are wearing a hat 

or more men with moustaches who are not wearing a hat?  

Your answer:  

• more men with a moustache wearing a hat 

• more men with a moustache who are not wearing a hat  

Note: In the following questions, you always must write the total number of men on the right 

side!  

“How many men are wearing a hat?” Your answer: ......... out of ........  

“How many men have a moustache? Your answer: ........ out of ........  
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If you randomly choose a man in the village, is it more likely that he is wearing a hat or that he 

has a moustache and is wearing a hat?  

Your answer:  

A crucial question in the test is an adapted version of the Linda problem. 

Marco lives in Bogota and is a 7th grade student. He likes to solve sudokus and play chess in 

the championships of his city. If you have to make a bet, what would you choose?  

Marco is good at basketball 

Marco is good at basketball and at math.  

8.8.4 Results	
Here we focus on a comparison between the two groups. The percentage of correct answers 

for each of the questions is represented in the graph. 

We can see a general improvement in the performance on the test. Comparing the means, we 

see a change from the 52 % to the 68% percent.  

Nevertheless, the really crucial questions, from the logical and probabilistic point of view, are 

considered separately in Figure 34. It is in these answers, in fact, that we can see a shift in the 

interpretation of the conjunction towards the intended one.  

As we can observe, there is a consistent improvement in all the answers. The mean score 

almost doubles from 23% to 39.5%. Question D5, in particular, passes from being not answered 

“correctly” by any of the participants to a percentage of 11% (5 participants). This shows a 

transfer effect in this problem, even after a very short intervention, as in this case.  
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Figure 34. Pre-test/Post-test comparison in 5 questions about frequencies involving conjunction of 
characteristics. 

 

Figure 35. Mean performance in the 5 conjunction questions (total score=5). 

 

 9th	graders’	post-test	

8.9.1 Participants	
The same 9th grade students that participated in the pre-test (section 8.4). The post-test was 

conducted 5 months later than the intervention, so actually the students were at this point at 

grade 10. For this reason, the same 3 classes participated but some of the students were no 

longer in the groups. For reasons that we explain next, the number of  subjects who 
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participated in the pre-test and that provided complete answers was 22 in the treatment 

group, and 10 in the control group.  

8.9.2 Procedure	
At the beginning of grade 10, students presented a diagnostic proof about the mathematical 

contents of the previous grade, among them some questions on probabilities (which made up 

our post-test). Our purpose was to assess the assimilation of the concepts and techniques 

described above. We did not want to let students take an ad hoc post-test on biases. We chose 

to ask them to solve tasks included among others on different mathematical topics in a regular 

setting. Given that some of the participants concentrated on other questions, there was an 

important decrease in the number of answers provided to our tasks.  

8.9.3 Design/Materials	
We presented in the test two “conjunction fallacy” questions, analogous to some of those 

included in (Tversky & Kahneman, 1983)  

It would have been too obvious if we presented a Linda-style question, so we presented 2 

questions in a different setting and with no explicit use of the word “and”. 

Question 1  

Next November 12, there will be a football match between Lichtenstein and Italy for 

qualifying for the World Cup. Sort the following results from the least likely to the most 

likely:  

a) Italy wins the match 

b) Italy loses the first half of the match 

c) Italy loses the first half but wins the match  

d) Italy wins the first half but loses the match  

Question 2  

Consider a regular 6-sided die with 4 green faces and 2 red faces. Which of the following 

sequences is most likely to come out when rolled? Why?  

1) RGRRR  

2) GRGRRR  

3) GRRRRR  
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4) RRRRRR  

8.9.4 Results	
Students were not able to make the transfer of the concepts studied in the setting of the 

second question. Here the misuse of proportional thinking and interference with the concept 

of randomness were so strong that all the answers given were for option 2.  

As for the first question, many of the students succeeded in answering it respecting the 

conjunction rule. Here actually, there were two cases in which it had to be applied:  

Event a) is more probable than the conjunction c)  

Event b) is more probable than the conjunction c)  

These were the only restrictions that we considered for classifying an answer as respecting the 

conjunction rule. The second is really the harder one, for according to typicality criteria c) is 

designed to be more appealing than b).  

8.9.4.1 	Pre-test	vs.	post-test	comparison		
The conjunction fallacy question of the pre-test and this question of the post-test are not 

directly comparable even if they focus on the same phenomenon. This is so because of format 

reasons: in the pre-test we had only 2 options, whereas in Question 1 here, there are 4!=24 

possible orderings for the 4 events described. Out of these, only 8 respect consistently the 

conjunction rule. This factor represents an increase of difficulty in the question posed.  

We obtained the results reported in the Table 13. According to these, 11 out of the 22 subjects 

who answered these questions in both tests, moved from a choice violating the conjunction 

rule in the pre-test, to an answer consistent with it.  

 
Type of response 

CRV 
(Posttest) CR (Posttest) TOTAL 

CRV (Pretest) 6 11 15 

CR (Pretest) 0 5 5 

TOTAL 6 16 22 

Table 13.  Pre-test/Post-test comparison of answers presenting conjunction rule violations (CRV), or 
respecting the conjunction rule (CR). 
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8.9.4.2 Treatment	vs.	Control	Comparison	
Performance in the two groups is shown in Figure 36. We applied Fisher’s exact test which 

indicates that the difference is significant (two-sided Fisher’s exact test; p = 0.049; Cramer’s V 

= 0.40). This indicates that, the odds of answering the question correctly was 6.22 times higher 

in the treatment group than in the control group.  

These results suggest that the whole process of design and intervention with activities did have 

an effect in triggering an extensional treatment of conjunction fallacy tasks. This effect cannot 

be attributed only to the correction and explanation after the initial pre-test, which was 

provided also to the control group.  

 

Figure 36.Treatment vs. control comparison 

 9.	A	survey	
Beyond the previous results, we were interested in evaluating 9th graders’ own perception of 

different aspects of the didactic experience. We assessed their perceptions by means of a 

survey (Figure 37).  

The survey considered three main dimensions:  

Cognitive and metacognitive. In question A we focused on the use of the pre-test instrument 

in order to elicit students’ understanding of their starting point. Question B and E focused on 

the cognitive byproducts of having to prepare a topic in order to teach it, and in the suitability 

of the activities themselves.  



 

169 

Motivation/engagement. This aspect was one of the aims of the whole design. We assessed it 

from the point of view of the 9th graders' attitude towards their own curiosity, motivation and 

effort (questions C and F), from their point of view of 5th graders's attitude towards their own 

curiosity and motivation (question D), and of the possibility of repeating similar experiences in 

the future (question H).  

Didactic awareness. We finally focused on the benefits of of having better insights into the 

different obstacles faced by themselves and the younger students. This is inquired into, as 

mentioned, by question A; in question G we assessed the students’ view on their “learning by 

teaching”.  

 

 

Figure 37. Questions of the survey, evaluated on a scale from 1 to 5. 

In all of these aspects, the students’ perception was positive, as can be seen in the table in 

Figure 37. All the evaluations were in mean either 4 or above in a scale from 1 to 5. This is 
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relevant, since many of the participants did not usually have a very positive perception and 

attitude towards mathematics, in general.  

 General	discussion	
We summarize here the main achievements of our study covering three aspects: (1) the 

relevance of analysing students’ argumentations which provide insights on their reasoning; (2) 

the advantages of working with natural frequency formats like “... out of ...” for fostering 

children’s competencies in probabilistic thinking and for triggering extensional reasoning in 

conjunction tasks; (3) the success of “learning by teaching” and “learning from peers” 

procedures in school levels interactions.  

8.11.1 	Argumentation	analysis	and	the	psychology	of	reasoning	
It is clear, from our analyses of section 8.6, that multiple choice questionnaires are not enough 

for understanding the reasoning processes that lead to some of the answers or to classify a 

given option as a “bias”, as if it were a well-determined phenomenon. The three questions 

examined show that a wide spectrum of reasoning processes may lead to the same choice.  

Similarly, the notion of “error” in math education, may turn out to be a simplistic one, and may 

predispose us to ignore common sense or reasonable principles, which may be appropriate in 

habitual circumstances. Our aim was to substantiate the thesis that the tasks analysed are 

heavily dependent on interpretational issues. Interpretation and reasoning are in fact two 

processes intimately connected and what we see in practice is a continuous back and forth 

between these two stances (“reasoning to an interpretation” and “reasoning from an 

interpretation”, in (Stenning & van Lambalgen, 2008) terminology.  

In this context, the notion of “obstacle” seems to be more neutral than those of “bias” and 

“error” and leads us to the design/engineering problem of endowing our non-idealized 

students, with adequate representation tools which can help them cope with counter-intuitive 

notions. We also highlight that among the obstacles found, the understanding of the very 

notion of probability is a remarkable one: already Piaget considered the crucial passage from 

not being able to distinguish necessary from chance phenomena, to developing the concept of 

chance (Piaget & Inhelder, 1975). This transition would occur during the formal operational 

stage, yet we still see remnants of its lack, for example in Figure 22 and Figure 31. 
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We also observe in the examples provided other conflicts regarding the concept of probability: 

it may be understood as something objectively in the world or something dependent on the 

information available, it may depend on the statistics of a whole population or refer just to 

single cases…  

These examples support the fact that the term “probable” does not have a unique meaning as 

shown by (Hertwig, 1995).  

8.11.2 Ecological	rationality	and	math	education			
In general terms, the results obtained here confirm the existent literature, on the facilitating 

effects of natural frequencies for probabilistic reasoning at different developmental stages. 

This may be reinforced by pictorial/enactive representations and interactive/socially engaging 

activities. Here we place ourselves in the tradition of ecological rationality: probabilities are 

not per-se inaccessible to our minds, but they can be grasped if translated into appropriate 

representation formats (here, natural frequencies). This suitability is a consequence of how 

information was available in the environments that shaped our cognition.  

8.11.3 Social	aspects,	engagement	and	meta-cognition	
Sociocultural aspects connected to mathematics learning and teaching are known to be 

anything but minor factors in the didactic process. In the activities and interactions which we 

described above these were central in at least two instances:  

1) in the interaction between members of the teams formed by 9th graders in order to 

design, prepare and perform the activities, and  

2) in the interaction between 5th graders and 9th graders.  

In the first instance, students had to cooperate with each other. Their teachers noticed that 

many of them were more committed than usual, possibly due to their common purpose. This 

can also be seen in their video recordings. Each of them had a specific role in the team. More 

importantly, they also had to play, as a team, the new “game” or role of having to teach 

somebody else. This made them approach the subject matter in a different way that was “fun” 

and worth exploring. In fact, several students expressed that they would like to repeat the 

experience (see question H of the survey). This goes in line with the perspective of the 

“engagement structures” (Goldin et al., 2011) in action. Even if here the situation was not 

spontaneously generated in the interior of the classroom, what 9th graders did and how they 
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did it was certainly in accordance with the “Let Me Teach You” structure described by Goldin 

and his collegues.  

Furthermore, the expected benefits for 5th graders were inspired by the possibility of a partial 

suspension of the constraints inherent in the didactic contract (Brousseau). Observing their 

engaged older school-friends and the games these prepared for them was appealing and 

inspirational. These practices can become a valuable complement to traditional teaching as 

suggested, e.g., by Vigotsky’s Sociocultural Theory. As J. Harrys claims in her theory on “the 

nurture assumption”, children’s behavior is not shaped primarily by that of their parents or 

teachers, but by that of their peers: “Children identify with a group of others like themselves 

and take on the norms of the group” (Harris, 2011).  
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 Appendix:	description	of	the	activities		

8.13.1 The	die	
9th graders built a 20-faced die, whose faces had numbers from 1 to 20. The faces could be 

colored either blue or orange. The idea was to have, for example, a different number of even 

faces colored with blue and with orange. 9th graders could interview their younger 

schoolmates asking questions like: “How many orange faces do the die have?”, “How many 

orange faces have even numbers?” “How many blue faces have even numbers?” or “If you bet 

by rolling the dice, what would you bet: will an even and blue number come out or an even 

and orange one?”.  

 

Figure 38. The die 

8.13.2 The	stadium	and	the	Monopoly	game-board	
The students built a polystyrene football stadium. The idea was to simulate the distribution of 

fans in the stands during a football match between two football teams. They distributed 

thumbtacks to 5th graders representing the supporters of the two teams, either blue or red. 

They asked the students to identify in the model of the stadium the different grandstands. 
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Next, they placed the thumbtacks on them. Here the conjunction was obtained taking into 

consideration which team the fans supported and where they were placed.  

The activity with the Monopoly game-board was similar. 9th graders let their younger asked 

schoolmates to place some house and hotels over the different properties. The conjunction of 

events has been achieved by considering two different colors properties and on the number 

of houses and hotels over them. 

 

Figure 39. A student taking notes. 

 

Figure 40. The stadium 
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8.13.3 Playing	cards	
Among the games prepared by 9th graders, three made use of cards: two of them with French 

playing cards and the other one with pokemon playing cards. 9th graders prepared an easy 

game to start the activities. Using the French playing cards they selected, from the whole deck, 

a ten card subset, which was composed of nine black cards and a red one. The game consisted 

of several rounds: 5th graders were challenged to find a black card without seeing the deck. At 

the end of each stage, the selected card was discarded and the next round began with one 

card less. Students were also asked to stop the game whenever they found it to be too risky. 

After few turns students learned that it was easier to lose the game when the set of cards 

became smaller, since the likelihood of choosing the red card grew steadily. In the other 

activity the students had to consider whether the card was a figure or number, and if it was of 

clubs or hearts. In the pokemon card case the students had some fire or water pokemon cards 

with a power higher or lower than 100 PV.  

 

Figure 41. Pokemon cards 

 

8.13.4 The	Simpsons		
9th graders printed more than twenty images representing the faces of the characters of “The 

Simpsons” and hung them on the white-board. Younger students sat in front of them and were 

asked to play a game like ‘Who am I?’. Older students simulated a TV quiz, choosing a character 
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and challenging younger schoolmates to guess who he was. They started to ask several 

questions while presenters removed the figures that had to be discarded. Older students used 

Euler diagrams in order to represents sets discarded and remaining after each question thus 

emphasizing, among other aspects, the inclusion relation and the effects of conjunctions and 

negations.  

 

Figure 42.  The Simpsons.  

 

8.13.5 The	Lego	bricks	and	football	clubs	T-shirts		
 

This activity was composed of two successive stages. At first, 9th graders, assuming the 

teacher’s role, asked their 5th graders to divide themselves into two groups (boys and girls), 

to count the number of members of each group and to make a note of the results. They then 

created three other groups; in this case, the characteristic to take into account was hair color 

(blond, brown, red), also in this case the students made a note of the number of elements of 

each set. Finally the conjunction of events was introduced making students reflect on the 

number of girls with blond hair and girls with brown hair in the classroom by comparing the 

results to the total number of girls and students with blond or brown hair.  

In a second stage, 9th graders took some different colored Lego bricks (blue, pink, brown, 

yellow and red). They represented the boys in the class with blue bricks, the girls with pink 



 

180 

ones, brown for students with brown hair etc. Then 5th graders counted the blocks of different 

colors. In order to represent the status of the class using conjunctions, 9th graders joined the 

bricks (a blue and a brown block to represent a boy with brown hair, a pink and yellow one to 

represent a blond girl etc.). Again, the students made a note of the results of the various counts 

and 9th graders asked questions to make younger students reflect on the conjunction of 

events:  

“Taking by chance a student in your class, what would you bet: that she is a girl or she is a girl 

with blond hair?”  

At the end, 9th graders stressed that in the Lego bricks task the students obtained the same 

results as with real boys and girls.  

Another activity that took advantage of the division between boys and girls in the class was 

achieved by using the football preferences of 5th grade students. In fact the 9th grade students 

brought T-shirts of two popular football clubs. They handed out T-shirts among 5th grade 

students depending on their football preferences. In this case, the event was the conjunction 

between being a boy or a girl and cheer one or another of the teams.  

8.13.6 Popcorns	and	sweets	
 

Another simple game was prepared by 9th grade students: they cooked different kinds of 

popcorns, each one with a different color and taste: sweet ones (1/3) and two salted ones: 

normal (1/3) and with cheese (1/3). 9th graders put an equal number of each type in a little 

bag and asked the younger ones some questions like: “If you had to, would you bet that you 

would randomly choose a salted one or a sweet one?” or “Would you bet that in a random 

choice, you would select a salted one or one with cheese?” (having in this last question a set 

inclusion).  

A similar activity was performed with candy bars. In this case 9th graders bought biscuits and 

chocolates, the other feature to consider was if the candy bars had a vanilla or cocoa taste.  

Random selections were actually done mixing the candy bars in a bag. 
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Figure 43. Sweets. 
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 Article	4	

Bounded	Rationality,	Logic	Programming	and	

Mathematics	Education		

 

 

Abstract	
The notion of  “bounded rationality” was introduced by Simon in order to offer an appropriate 

framework for understanding how agents reason and make decisions in accordance with their 

computational limitations and the characteristics of the environments in which they exist 

(metaphorically, the two indispensable and complementary of the scissor blades). We see this 

perspective as highly relevant for the discussion of the epistemological status of a wide variety 

of “errors” or “obstacles” in educational settings. We examine the case of reasoning in 

mathematics education presenting different examples on how reasoning “errors” can be 

understood from “boundedness” and ecological considerations. 

In order to approach this examination properly we elaborate first on how bounded rationality 

is usually conceived in psychology and what its relationship with logic can be (especially with 

some non-classical logics). We focus on the relationship between heuristics and logic 

programming, a family of logical systems which, according to different criteria, shares the main 

features usually ascribed to the former. Going further, we show that in some cases heuristics 

themselves can be analysed from a logic programming perspective.  
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Logic programming, although an expressive language, was designed for tractability by applying 

constraints on expressiveness.  In the version we are concerned with, computations proceed 

as updates on a single preferred minimal model as new information in a narrative arrives and 

is incorporated in the light of general knowledge. Truth and inference criteria in this setting 

differ in interesting ways form classical logic ones. From this, we illustrate how multiple logics 

may actually operate in a variety of ways depending on how the contextual information 

induces a particular interpretation. Logic, we will see, is not something which is simply either 

obeyed or infringed from the standards of fixed, absolute norms. According to this, the 

pedagogical goal should not be how to transmit the appropriate logical norms and eliminate 

their violation but learning how to flexibly adopt good interpretations in a wider range of 

contexts, a legitimate and necessary process on its own.  

Keywords: mathematics education, logic programming, heuristics, fallacies, conditionals, 

non-monotonic reasoning, bounded rationality, ecological rationality 

 

 Introduction	
The Enlightenment faith in reason and how all scientific problems are solvable at least in 

principle is epitomized in the figure of Laplace, an apostle of mechanistic determinism in 

physics, of optimality in decision theory and of the confident identification of probability 

theory with psychological bon sens. This derives from postulating the possibility of ideal 

reasoners and complete (or completable) knowledge, something radically challenged by the 

subsequent developments of science at the turn of the 19th century and confined to fields 

such as pure mathematics. In logic and mathematics there were Frege’s search for ultimate 

foundations in logic and Hilbert’s program. Even there, though, the discovery of 

incompleteness and undecidability phenomena put inherent limitations on what was expected 

in terms of absolute foundations and certainty. We see furthermore, from Turing and Church 

onwards, a precise mathematical treatment of computational constraints and combinatorial 

infeasibility of problems.  

In social science research, the idea that even if human beings cannot reach the optimality of 

ideal rationality, in any case this optimality persists (being intended in absolute terms), 

continues to be influential. When approaching human rationality, in fact these optimal ideal 
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standards continue to be used as the main or unique norms in regard of which performance 

should be evaluated. This occurs in logic and probabilistic reasoning (divergences from classical 

logic or from probabilistic theory are often regarded as “fallacies” or “biases” proving our 

irrationality) as well as in decision theory (divergences from optimality theory are regarded, at 

best, as imperfect approximations). From such perspectives human behavior continues to be 

judged in absolute terms in regard to unique normative theories: classical logic, probability 

theory and rational choice theory.  

The bounded rationality paradigm, as proposed by Herbert Simon, constitutes an alternative 

conception where rationality (or irrationality) is not approached from a preconceived optimal, 

general or ideal reasoner. It aims at searching for more realistic accounts, in the sense of 

integrating both human faculties and the nature of the problems faced: “The capacity of the 

human mind for formulating and solving complex problems is very small compared with the 

size of the problems whose solution is required for objectively rational behavior in the real 

world or even for a reasonable approximation to such objective rationality” (Simon, 1957, p. 

198).67  

“Boundedness” concerns limits in availability of information, unlike “global rationality” (the 

normative theories considered above) that requires knowledge of all possible behavior 

alternatives and anticipation about all future consequences that will follow each of them. 

Idealized, unbounded or global rationality abstracts from concerns such as perceptual inputs, 

memory and processing capacity, or plain unavailability of information. These concerns are 

inherent to “flesh-and-blood humans” (and, as considered in AI, are relevant to any reasoner).  

We believe that this paradigm is highly relevant for education. Here, expected “rational” 

behavior, whether rendered explicit or not, is a main driving force in research, policies and 

practices. It concerns the questions of what we should expect and what we can expect from 

students. We believe that if considered from a bounded rationality perspective, many 

 

67 Simon’s primary concerns are in the field of administration and economics: “Individual choice takes place in an 

environment of 'givens' — premises that are accepted by the subject as bases for his choice; and behavior is 

adaptive only within the limits set by these ‘givens’”  (Barnard & Simon, 1947, p. 92). 
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reasoning “errors” can be better understood and both questions appear integrated as: what 

kind of reasoning we can and should expect in which contexts for which goals?  

The aim of the present paper is to address this question for the case of reasoning in 

mathematics education. We will examine different examples of how reasoning “errors” can be 

understood from “boundedness” and ecological considerations. In order to properly approach 

this we will need first to elaborate on how bounded rationality is usually conceived in 

psychology and what its relations with logic (especially with some non-classical logics) can be.  

The program of bounded rationality has been developed in psychology through the work on 

heuristics (Gigerenzer & Todd, 1999). This approach has specified the way in which 

computational constraints may be exploited by organisms according to the characteristics of 

the environment (the ecological aspect of reasoning). The bounded rationality paradigm, in 

this version, postulates the existence of different heuristics applied in accordance with 

different environmental prompts and constraints. These heuristics are usually conceived in 

contra-position to more traditional accounts, logical and probabilistic: “We do not compare 

human judgment with the laws of logic or probability, but rather examine how it fares in real-

world environments” (Gigerenzer et al. 1999, p. 22). Unlike logic, in this view, “The function of 

heuristics is not to be coherent. Rather, their function is to make reasonable, adaptive 

inferences about the real social and physical world given limited time and knowledge.” In our 

view, this contraposition of heuristics to “logic” is highly influenced by long established 

traditions in psychology in relation to the latter: above all, the identification of logic with 

classical logic. From this position, it is fair to share Wundt’s judgement about the descriptive 

and normative uses of logic: “We can in fact say of such attempts, that measured by the results 

they have been absolutely fruitless. They have disregarded the psychological processes 

themselves” (cited by  Gigerenzer, 2008b). 

Modern developments of logic, however, have led to a complete diversification and 

reconfiguration of its aims. This includes strong interactions and applications to AI, linguistics 

and psychology.68 Logic, in this wider sense, has developed a variety of concepts and tools for 

 

68 We can see that, in addition to early work in the 70’s and 80’s (mainly in philosophy and AI), “modern logic is 

undergoing a cognitive turn” (van Benthem, 2008). 
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the analysis of information processing in contexts of incomplete information and constraints. 

We focus on some of these tools, particularly in logic programming (LP). In our view, LP shares 

the main properties usually ascribed to heuristics, and therefore should be seen beside them 

within the bounded rationality program. It is possible also to argue in favor of the stronger idea 

that LP would be a convenient framework to develop many of the heuristics already known, as 

we will examine for some cases.  

The previous considerations explain the structure of what follows, connecting seemingly 

unrelated topics: In section 9.2 we develop some concepts from LP, the main technical tool 

that we shall use. We propose an analysis of the concept of Bounded Rationality, which leads 

us to examine the relationships between heuristics and LP. We show that LP shares the main 

“virtues” of heuristics for the analysis of human behavior (section 9.3) and that some heuristics 

may even be approached using LP (section 9.4). We conclude from this that heuristics and 

“logic” need not and should not be seen as excluding each other in the bounded rationality 

program. From this vantage point on how we conceive some logical aspects within BR, we then 

move on to examine our examples from reasoning in mathematics education (section 9.5). We 

believe that mathematics education can benefit from widening perspectives on “error 

analysis”, as we argue in the Conclusion (section 9.6). This kind of analysis can be particularly 

insightful in the sense that, as is generally agreed, in educational contexts intended 

interpretations should not be taken for granted. In some cases there are good reasons for 

explaining divergence from them given what the usual environments in reasoning require.69 In 

this respect, our viewpoints are in convergence with the main premises of socio-cultural 

approaches and situated cognition in mathematics education. 

 Logic	programming	and	human	reasoning	
In this section we overview some of the properties, which will be relevant for the aims of this 

paper, of LP, a family of non-monotonic logics particularly adapted for those aims. A technical 

treatment of LP as a non-monotonic logic may be found in Doets (1994) whereas applications 

 

69 The situation is analogous to what has been already manifest in psychology, where participants in experiments 

may well be trying to do a task different from the one intended by experimenters (Stenning & van Lambalgen, 

2008). 
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for the psychology of reasoning are developed in Stenning and van Lambalgen (2008), Kowalski 

(2011) and Hölldobler (2015).  

We see LP as a fundamental processing apparatus applicable across domains. Before 

implementing this, it is worth saying that we are not proposing to substitute in general the use 

of classical logic by the use of LP or any other logical system, not even for the specific aims of 

cognitive psychology. We are committed to the general tenets of logical pluralism, intended as 

“the view that there is more than one genuine deductive consequence relation, and that this 

plurality arises not merely because there are different languages, but rather arises even within 

the kinds of claims expressed in the one language” (Beall and Restall, 2006, p.3). This leads, of 

course, to the demarcation problem, which we will not approach here, on what counts as a 

deductive relation, and therefore as a logic.70  

Classical logic has its specific aims and properties and is suitable for some crucial aspects of 

scientific and mathematical reasoning. But even in this last case it is disputable whether, say, 

first order classical logic, is the only, all-encompassing logical approach, as may be seen by the 

use of intuitionistic logic (which captures the notion of constructible mathematics) or second 

order logic (S. Shapiro, 1991), just to mention two well-known examples. We claim that use of 

different logics should also be crucial in modeling human reasoning as a complex, many-

faceted phenomenon. In section 9.5 we will highlight the role that interpretation plays in 

mobilizing different kinds of reasoning (approachable by means of different logics). 

We see LP in particular as a family of logics at the core of planning and language processing 

(temporal/causal relations in narrative discourse as in van Lambalgen and Hamm (2005)). In 

this sense it is fundamental to many cognitive functions underlying processes of interpretation 

in reasoning, decision-making and problem-solving.  Born from AI and computer science 

(including actual programming languages such as Prolog and Constraint Logic Programming), 

from its very origin it was concerned with computability (Kowalski, 2014). We will examine 

next this and other fundamental properties of LP.  

 

70 We will only mention here that deduction for a wide spectrum of non-monotonic logics may be defined in 

terms of the “preferred models” approach, as developed by Shoham (1987). 
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9.2.1 Syntax	and	computability		
The search for logical systems in AI (specifically in the field of knowledge representation and 

reasoning) is dependent on the trade-off between expressiveness and tractability (Brachman 

& Levesque, 2004). This motivates the syntax used in LP both in the propositional and the 

predicate cases. Formulas in LP are restricted to clauses (conditional statements with the 

antecedent being a conjunction of literals and the consequent a single positive literal).  They 

are therefore of the form (¬)𝑝" ∧ …∧ (¬)𝑝# → 𝑞 where 𝑝!, … , 𝑝", 𝑞 are atomic (positive) 

formulas, and  (¬)𝑝 means that   𝑝 may appear either negated or not. A set of clauses of this 

kind is called a definite logic program. In the predicate case, this formula is intended to be 

universally quantified over all the occurring variables.  

This kind of sentence (clause) encapsulates the notion of “rules” of the form “if conditions then 

conclusion”. This syntactic restriction implies that we do not have (as in classical logic) full 

recursivity (we do not admit, for instance, formulas with nested implications). This decreases 

substantially computational complexity in comparison with classical logic. Even so, LP is still 

expressive enough to cover significant fragments of human reasoning and language 

processing, especially if considering the predicate and not only the propositional versions of 

LP, see (Kowalski, 2011), (Stenning & van Lambalgen, 2008) and (van Lambalgen & Hamm, 

2005).  

The computational efficiency derives from the application of the resolution method to 

program clauses for deciding the problem of satisfiability of formulas. The syntactic restriction 

allows very efficient proof-search: derivations in logic programming are simultaneously 

constructive computations, in the sense that if one concludes that a formula 𝜑(𝑥) is satisfiable 

given a logic program, the derivation actually produces a computable witness for 𝑥. This is done 

by applying the resolution method, which we will not describe here, to queries. A query or goal 

is a conjunction of atomic formulas indicated as ? 𝑝" ∧. . .∧ 𝑝#, which is posed to a program in 

order to know if it is derivable from it.  

Some authors consider the syntactic restriction to formulas in clausal form not only to be 

convenient for dealing with tractable fragments of predicate logic, but also because of its 

presumed closeness to how information is represented in human minds (Kowalski, 2011).  
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9.2.2 Closed	world	reasoning		
Databases or “programs” codify the available information. From these, it is possible to extract 

additional information in a way which substantially differs from classical logic. Particularly 

important is what is known as “closed world reasoning” (CWR), which manages the problem 

of overcoming the information incompleteness of a program. Technically, CWR operates 

through the completion of a program. If the program is taken as if complete, the set of all the 

program clauses with the same consequent is a disjunctive definition of this consequent. In 

this sense, implications are “biconditionals in disguise” (Kowalski, 2011). In order to define the 

completion of a program 𝑃, for every 𝑞 occurring in 𝑃, all clauses 𝜑# → 𝑞 in 𝑃 (with 𝑞 as a 

consequent or “head”) are taken in order to form the expression ⋁
#
𝜑# → 𝑞. In case that there 

is no such 𝜑#, then this reduces to the expression ⊥→ 𝑞. Finally, all the occurrences of the →’s 

are replaced by ↔’s (here, ↔ has a classical interpretation given by: ψ ↔ φ is true if ψ, φ 

have the same truth–value, and false otherwise).71  From this completion inferences can be 

extracted which were not classically derivable from P. In particular, the negation as failure 

(NAF) consists of assuming that if a statement cannot be proved (i.e., if there is a failure of the 

derivational procedure), then its negation must be the case.  

We can see CWR as assuming that the ontological level (“the world”) is captured by the 

epistemic level. This entails the cost of a possibly mistaken evaluation but the advantage of at 

least coming to evaluations and decisions that are often required under information and time 

constraints. But the epistemic level may change and CWR works by assuming that during each 

information update, things that follow from information that has been added by the last 

addition are “swept”.  

 

71 Intuitively, this says that the whole information about a statement 𝑞 is that provided by the clauses in the 

program 𝑃, so 𝑞 is defined entirely by this information (the disjunction mentioned is in fact called the definition 

of 𝑞). The world is “closed” in the sense that nothing outside 𝑃 is potentially considerable as part of the definition 

of 𝑞.  𝑃 does not only include truths about 𝑞, but represents the whole truth about it. 
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9.2.3 Dealing	with	abnormalities		
The fact that most actual conditionals or rules in real life presuppose an unmanageable series 

of conditions or exceptions in order to be valid lies at the basis of different kinds of default 

reasoning, starting with circumscription  (McCarthy, 1986).  

Unlike material implication, regularities in the world are exception-tolerant. This may be 

captured by an abnormality statement which is assumed to be false (by NAF), unless there is 

positive information supporting that there is something abnormal preventing the conclusion 

to be inferred.  The conditional that allows exceptions is of the form p ∧ ¬ab → q, to be read 

as ‘if p and nothing abnormal is the case, then q’.72   

9.2.4 Non-monotonicity		
CWR is applied in practice as a non-monotonic kind of reasoning: classical logic is said to have 

a monotonic consequence relation, meaning that if φ1,…, φn /ψ is a valid argument, then also 

the argument φ1,..., φn, θ/ψ holds. That is, enlarging the premise set can never lead to the 

withdrawal of an inferred conclusion. This follows from the definition of validity in classical 

logic: an argument is valid if the conclusion is true in all situations in which the premises are 

true. A situation in which φ1,...,φn, θ are true is also a situation in which φ1,…, φn are true, so 

that ψ still follows. By contrast, a logic is non-monotonic if it is possible that φ1,...,φn/ψ is valid, 

but φ1,...,φn,θ/ψ is not. For instance, it may be assumed by default that nothing abnormal is 

the case and that, given p, from a conditional p ∧ ¬ab → q we may infer q. But a new fact (an 

abnormality) may be added into the program which makes ab become true. In this case q may 

no longer be inferred.  

In brief, classical monotonic reasoning has a “hindsight perspective” nature which works when 

all the information is “already in”, but which makes it not suitable for situations of incomplete 

information and under constraints.  

 

72 The “abnormality clause” ab, is a list of propositions (or atomic formulas) treated as an inclusive disjunction of 

abnormalities, indexed to a particular conditional: If any one of them is true, then ab is true, and so the antecedent 

of the conditional (p ∧ ¬ab) is false. 
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9.2.5 Non	truth-functionality	
An important difference between LP semantics and classical logic is that it is not truth 

functional: truth values assigned to atomic formulas do not determine in general the 

assignation of a truth value to a complex formula formed with them. This is the case for 

conditional statements which are not seen as formulas with truth values in themselves, but 

more as “licenses for inference” in logic programs — a sort of contentful inference rules. Take 

for instance the case when the antecedent of a conditional is known to be false. According to 

classical logic this makes the conditional true, but in LP it simply deactivates inferences from 

the conditional.  

Besides this, for the purposes of modeling cognitive phenomena in situations of incomplete 

information, it is convenient to go beyond classical bivalence in truth values. This can be done 

in a parsimonious way using the Kleene semantics (Kleene, 1952, p.332) as in (Stenning and 

van Lambalgen, 2008). In this framework we can have, besides the usual truth values 0 and 1, 

a truth value u (for “undefined”). Acquisition of new information may modify the value of a 

statement from u to 0 or 1.  

 LP	seen	from	the	main	features	of	bounded	rationality	
We focus now on exploring how the bounded rationality program and LP relate (see also 

Stenning et. al., 2017) for other aspects of the interaction between LP and heuristics). 

According to the basic tenets of Bounded rationality, we see that LP can assume in this 

framework (at least) three different roles. In order of strength:  

 (1) LP can be seen as fulfilling the main properties of bounded rationality (we will examine 

them next) and in this sense can be seen as complementary to known heuristics in the 

description of mental processes from this perspective.  

 (2) LP works as a fabric for interpretation (reasoning to an interpretation) which provides a 

context for the information available in a situation. Only from this interpretation can 

reasoning or a decision occur. In this sense, LP would accomplish the interpretational 

process previous to the application of reasoning or decision methods. In this process, 

general knowledge is a source of recruited information. This is integrated in the current-

preferred model of the information so far constructed about the current developing 

interpretation. This interpretative process would happen, in particular, for the application 
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of heuristics. Heuristics have to have a “general background” part that tells you which to 

use, and a lot of general knowledge about how to compute them, as well as the episodic 

part about the current application. LP can be seen here as a general supporting structure: 

it supports interpretation and it supports deduction and inference. It provides the 

fundamental qualitative coordinates from which we make inferences, probabilistic 

reasoning or come to decisions.  

 (3) Some heuristics in themselves (or some aspects of them) can be seen as the content of LP 

programs.  

In this section we will focus on the first of these integrative approaches, analyzing how the 

main properties of heuristics are also applicable to LP. In section 9.4 we will deal with (3), 

whereas in section 9.5 we will focus on some aspects of (2).  

So, what are the properties of heuristics which make them appropriate bounded rationality 

models of human reasoning and decision making? According to Gigerenzer and collaborators: 

“The program is to design and test computational models of heuristics that are (a) ecologically 

rational (i.e., they exploit structures of information in the environment), (b) founded in evolved 

psychological capacities such as memory and the perceptual system, (c) fast, frugal, and simple 

enough to operate effectively when time, knowledge, and computational might are limited, (d) 

precise enough to be modeled computationally, and (e) powerful enough to model both good 

and poor reasoning.” (Goldstein & Gigerenzer, 2002, p. 75). We proceed to discuss briefly these 

different aspects without considering the last point (we already mentioned the relevant 

literature at the beginning of section 9.2).  

9.3.1 Ecology		
Rationality, for Simon, does not happen in a vacuum, independently of the context from which 

emerges. With a well-known image he summarized: “Human rational behavior is shaped by a 

scissors whose blades are the structure of task environments and the computational 

capabilities of the actor” (Simon, 1990). The author specifies further how an “environment” is 

to be intended: “We are not interested in describing some physically objective world in its 

totality but only those aspects of the totality that have relevance as the “life space” of the 

organism considered. Hence, what we call the “environment” will depend upon the ‘needs’, 

‘drives’, or ‘goals’ of the organism, and upon its perceptual apparatus.” (Simon, 1956)  
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This way, rationality is dependent on the “goals” pursued. This is part of the contextual 

character of reasoning, something forgotten by abstract norms but crucial, in particular, for 

reasoning in communicative situations. Most reasoning tasks studied in psychology posit 

classical logic as the normative benchmark, without being fitted into the communicational 

context from which these norms emerged in the first place, which is often in disagreement 

with that assumed by subjects.  

Given that our cognition is determined by these ecological aspects, the search for effective and 

transparent communication should acknowledge them.  The representation formats of 

information may be tuned to our psychological functioning and facilitate ecologically adapted 

decisions. A well-known case is the use of natural frequencies instead of probabilistic formats 

in order to enhance extensional interpretations of tasks (Gigerenzer and Hoffrage 1995, see 

also Zhu and Gigerenzer, 2006 and  Vargas, Benincasa, Cian, & Martignon, (2019) for studies at 

school levels).  

We can see a similar case in logic, where the communicational “ecology” determines different 

kinds of goals which may vary from cooperation to adversariality. This leads to different kinds 

of interpretation and reasoning which can be, correspondingly, either intensional or 

extensional. In this way, environments may condition a form of reasoning closer to classical 

logic or to LP (more on this in Achourioti, Fugard, & Stenning, (2014) and sections 9.5 and 9.6 

below). Depending on the kind of communication at hand, one kind of reasoning may be more 

suitable than another. This highlights the fact that the distinction here is not between correct 

reasoning and a poor man’s version of it, the same way that heuristics do not necessarily 

produce just second-best results (in comparison with optimization). The dependency on 

contextual goals may lead to different norms to be considered. In this sense psychology may 

turn out to be not only descriptive, but also normative. This may also imply the deliberate use 

of forms of expression closer to the relevant norms (in context). As an example, Kowalski’s 

(2011) analysis of an underground emergency notice and the British Nationality Act show how 

forms of expression closer to LP guidelines may be more suitable for the efficiency and clarity 

of communication.  
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9.3.2 Reliance	on	memory	and	perception		
Just like heuristics, LP as a cognitive account is defined through “evolved psychological 

capacities”. As a logic for planning, LP works using information organized in knowledge bases. 

The knowledge base may be seen as a model of semantic memory. The accessible information 

at a given moment may be seen as the current model of the situation held in working memory. 

Memory and perception go hand in hand because when new information arrives this current 

model is updated. This makes reasoning non-monotonic, in the sense explained in 2.4.  

This is also distinct from the usual standards for experiments on reasoning. Participants in them 

are required to reason according to what “logically follows”, which means, abstracted from 

prior knowledge beyond the prompts provided experimentally. Also, classical logic reasoning 

places monotonicity as one of its core components, a feature that makes it more “static” or 

“atemporal”.  

9.3.3 Fast	and	frugal	processing		
As we previously noticed, talking about the syntax restrictions (sentences in clausal form), and 

the inferential machinery (the resolution method in its variants), tractability is a major concern 

in LP. What is clear is a huge difference with, say, first order classical logic. Seeking information 

for all possible outcomes, or all possible models for a given problem is, in most of the cases 

overly costly and unfeasibly time consuming. As emerges in the context of heuristics, 

robustness may be seen in contraposition with overfitting. Fitting is useful for modeling given 

data whereas generalization tends to be better for predicting new data. “Robustness goes 

hand in hand with speed, accuracy, and especially information frugality. Fast and frugal 

heuristics can reduce overfitting by ignoring the noise inherent in many cues and looking 

instead for the ‘swamping forces’ reflected in the most important cues” (Gigerenzer et al. 1999, 

p.20). This is precisely what is done by default assumptions. Considering by default that 

“nothing abnormal is the case” unless there is good reason to believe the contrary (using NAF) 

may increase efficiency. It alleviates the search for positive information on a potentially 

unmanageable (or even infinite) variety of cases. This is in accordance with the existing 

evidence in heuristics that basing reasoning (in a wide sense) and decision-making on more 

information and computation does not always lead to more accurate inferences or decisions.  



 

195 

9.3.4 Process	models		
It is often observed that heuristics are not only “labels” or vague descriptions but are defined 

through actual algorithms. In LP this holds because of its computational nature (with the 

corresponding programming languages). 

As is often remarked about heuristics, in LP we do not have only “as-if models” as in the case, 

for example, of bayesian models. Using Marr’s 3-levels classification, LP offers accounts both 

at the computational and algorithmic levels, with additional neural network implementations 

at the third level (Pijnacker et al., 2011; Stenning & van Lambalgen, 2008). 

In this sense, LP not only predicts the outcomes in given situations, but specifies feasible 

models of how and why these computations may be done.  

In the next section we take a closer look at more technical development of heuristics in LP. The 

reader interested in the math education applications could continue with section 9.5.  

 Heuristics	viewed	from	LP	
In the previous section we examined how LP shares the main properties assigned to heuristics. 

We can also see LP as a framework for reasoning and decision-making in which heuristics can 

be analyzed from a logical viewpoint. In this section we analyze some examples from 

(Gigerenzer et al. 1999). That they can be treated using LP is no surprise, given the algorithmic, 

computational character of heuristics in this tradition (mentioned in 3.4). Nevertheless, 

providing an explicit formalization may start a structural analysis of properties shared (or not) 

within “the adaptive toolbox” (Gigerenzer et al. 1999) and provide tools to measure, from the 

logical point of view, how simple “simple heuristics” are. 

9.4.1 The	gaze	heuristic		
It is usually stated in the following terms: “Fixate your gaze on the ball, start running, and adjust 

the speed so that the angle of gaze remains constant” (Gigerenzer et al. 1999). 

In order to simplify the problem, assume we have the information of the angle of gaze (to be 

precise we do not directly have access to this angle, but the information on the position of the 

ball on the retina and the head and ocular inclination). Assume also that the player must run 

in the opposite direction to the movement of the ball (the other case can be treated 

analogously). Indicate it with 𝛼, which must be between 0º and 90º. 
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𝑥 > 𝛼 → 𝑟𝑢𝑛𝑠𝑙𝑜𝑤𝑒𝑟 

𝑥 < 𝛼 → 𝑟𝑢𝑛𝑓𝑎𝑠𝑡𝑒𝑟 

This is a schematic way which can be further specified: suppose we have a finite number of 
velocities, say (in increasing order) 𝑣% = 0, 𝑣!, 𝑣$, 𝑣&. 

Rules for running slower: 

𝑥 > 𝛼 ∧ 𝑣 = 𝑣& ∧ ¬𝑎𝑏 → 𝑣 = 𝑣$ 

𝑥 > 𝛼 ∧ 𝑣 = 𝑣$ ∧ ¬𝑎𝑏 → 𝑣 = 𝑣! 

𝑥 > 𝛼 ∧ 𝑣 = 𝑣! ∧ ¬𝑎𝑏 → 𝑣 = 𝑣% 

The opposite rules for sunning faster: 

𝑥 < 𝛼 ∧ 𝑣 = 𝑣% ∧ ¬𝑎𝑏 → 𝑣 = 𝑣! 

𝑥 < 𝛼 ∧ 𝑣 = 𝑣! ∧ ¬𝑎𝑏 → 𝑣 = 𝑣$ 

𝑥 < 𝛼 ∧ 𝑣 = 𝑣$ ∧ ¬𝑎𝑏 → 𝑣 = 𝑣& 

Rules for stopping: 

𝑏𝑎𝑙𝑙𝑙𝑎𝑛𝑑𝑒𝑑 → 𝑣 = 𝑣% 

𝑏𝑎𝑙𝑙𝑐𝑎𝑢𝑔ℎ𝑡 → 𝑣 = 𝑣% 

𝑢𝑛𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 → 𝑣 = 𝑣% 

𝑥 > 85' → 𝑣 = 𝑣% 

abnormalities: 

𝑏𝑎𝑙𝑙𝑙𝑎𝑛𝑑𝑒𝑑 → 𝑎𝑏 

𝑏𝑎𝑙𝑙𝑐𝑎𝑢𝑔ℎ𝑡 → 𝑎𝑏 

𝑢𝑛𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 → 𝑎𝑏 

𝑥 > 85' → 𝑎𝑏 

Of course, more abnormalities in the real world may happen. 

9.4.2 Satisficing		
The structure of satisficing is determined by a threshold which, if reached, serves as a criterion 

for selecting an option and stopping a search. This is in contrast to strategies which search until 

an optimal point is reached.  
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Given a series of items, let 𝑡 be the threshold or aspiration level for a given cue, and let 𝑙#  be 

the level corresponding to the 𝑖th item. The program in this case is composed by the facts: 

𝑙𝑒𝑣𝑒𝑙(𝑙!) 

𝑙𝑒𝑣𝑒𝑙(𝑙$) 
… 

𝑙𝑒𝑣𝑒𝑙(𝑙") 

Satisficing can be implemented positing the following query to the program: 

? 𝑙𝑒𝑣𝑒𝑙(𝑥) ∧ 𝑥 ≥ 𝑡 
where 𝑥 is a variable and the statement is intended as existentially quantified. 

The answer to the query, if successful, provides a witness for this conjunction and will be the 

first level value which reaches the threshold.  

More complex versions of satisficing may or may not be expressible in LP. Simon himself 

considered the possibility of different cues and variation with time: “An alternative satisfices if 

it meets aspirations along all dimensions. If no such alternative is found, search is undertaken 

for new alternatives. Meanwhile, aspirations along one or more dimensions drift down 

gradually until a satisfactory new alternative is found or some existing alternative satisfices. A 

theory of choice employing these mechanisms acknowledges the limits on human computation 

and fits our empirical observations of human decision making far better than the utility 

maximization theory” (Simon, 1969).  

9.4.3 Recognition	
Having to choose between two possibilities or items 𝑐1 and 𝑐2 on which has larger value 

according to a given criterion this judgement is based on recognition. Indicate with 𝑅(𝑥) the 

predicate “𝑥 is recognized” and with 𝐿(𝑥, 𝑦) the predicate “𝑥 is larger than 𝑦 according to the 

given criterion”. A standard example is “𝑥 is a larger city than 𝑦” (Gigerenzer et al. 1999). 

The program in this case is limited to the following rules: 

𝑅(𝑐") ∧ ¬𝑅(𝑐%) → 𝐿(𝑐", 𝑐%) 

𝑅(𝑐%) ∧ ¬𝑅(𝑐") → 𝐿(𝑐%, 𝑐") 

This is of course applicable only in cases where 𝑐1 and 𝑐2 are not both recognized or both 

unrecognized. 
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Psychologically, we may have exceptions to the application of this rule, and we may have 

versions acknowledging for them: 

𝑅(𝑐") ∧ ¬𝑅(𝑐%) ∧ ¬𝑎𝑏 → 𝐿(𝑐", 𝑐%) 

𝑅(𝑐%) ∧ ¬𝑅(𝑐") ∧ ¬𝑎𝑏 → 𝐿(𝑐%, 𝑐") 

9.4.4 One	reason	decision-making		
The formalization of the recognition heuristic may be adapted to the case of several cues 

relevant for a decision but only one of them is taken into account (Gigerenzer et al. 1999, p.75). 

An example is constituted by the “Take the best” heuristic.  

Let 𝑆!(𝑥), . . . , 𝑆"(𝑥), indicate the predicates associated to the 𝑛 cues considered 

Let’s consider two cues where 𝑆!(𝑥) is privileged over 𝑆$(𝑥).  𝐿(𝑥, 𝑦), again, stands for the 

predicate “𝑥 is larger than 𝑦 according to the given criterion” 

𝑆!(𝑐!) ∧ ¬𝑆!(𝑐$) → 𝐿(𝑐!, 𝑐$) 

𝑆!(𝑐$) ∧ ¬𝑆!(𝑐!) → 𝐿(𝑐$, 𝑐!) 

𝑆!(𝑐!) ∧ 𝑆!(𝑐$) ∧ 𝑆$(𝑐!) ∧ ¬𝑆!(𝑐$) → 𝐿(𝑐!, 𝑐$) 

¬𝑆!(𝑐!) ∧ ¬𝑆!(𝑐$) ∧ 𝑆$(𝑐!) ∧ ¬𝑆!(𝑐$) → 𝐿(𝑐!, 𝑐$) 

𝑆!(𝑐!) ∧ 𝑆!(𝑐$) ∧ ¬𝑆$(𝑐!) ∧ 𝑆!(𝑐$) → 𝐿(𝑐$, 𝑐!) 

¬𝑆!(𝑐!) ∧ ¬𝑆!(𝑐$) ∧ ¬𝑆$(𝑐!) ∧ 𝑆!(𝑐$) → 𝐿(𝑐$, 𝑐!) 

Therefore, the cue represented by 𝑆$ can be used only in case that 𝑆! does not decide. 

The generalization for more predicates is straightforward.  

9.4.5 NAF	in	bounded	search		
In contexts of uncertainty, the fulfillment (or unfulfillment) of certain cues is not completely 

known In cases of undetermined values, the selection follows a “positive bias” (Gigerenzer et 

al. 1999, p. 91), which is, precisely, the NAF principle (section 9.2.2 above).  

As an example, the case previously analyzed, (𝑆!(𝑥) is privileged over 𝑆$(𝑥)) Suppose we know 

that ¬𝑆!(𝑐!) as a fact, and ignore if 𝑆!(𝑐$) either holds or not. Then, by CWR, ⊥↔ 𝑆!(𝑐$) 

(which means ¬𝑆!(𝑐$)) and we must consider the next cue (𝑆$(𝑥)) in order to choose between 

𝑐! and 𝑐$. 
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Similarly, if we know 𝑆!(𝑐!) as a fact, and again ignore if 𝑆!(𝑐$), our search stops because, by 

CWR ⊥↔ 𝑆!(𝑐$) and we can apply 𝑆!(𝑐!) ∧ ¬𝑆!(𝑐$) → 𝐿(𝑐!, 𝑐$). 

 Norms	in	education:	from	idealization	to	relativization	and	attainability	
The main controversy we want to focus on now is the use of such terms as “bias”, “fallacy” and 

“error” both in psychology and mathematics education. More often than not, such 

qualifications are used in absolute terms. Here we advocate a wider conception of norms and 

rationality, in the sense of ecological rationality: “People may deviate systematically from 

theoretical standards, but may still be behaving optimally when broader concerns are taken 

into account” (Klayman, 1995).  

In this section we provide a series of examples of how a bounded rationality program (including 

an appropriate use of non-classical logics) may be insightful in the case of mathematics 

education.   

In section 9.2 we presented some features of LP which have shown fruitful in several contexts 

in psychological experiments. We consider these features to be so pervasive that we can see 

them operating constantly in discourse interpretation. We will show evidence, in particular, 

that this may be operating in mathematical discourse, especially at an educational level. 

The epistemological status of “errors” has been, of course, a main theme in mathematics 

education  (Radatz, 1979 offers already a wide retrospective account). We see also in notions 

such as that of “didactic obstacle”  (Brousseau, 1976, 2006) attempts to render a more neutral 

description (an objective that we share here). We illustrate in this section how interpretation 

of the logic supporting mathematical statements is not at all unambiguous. In this way, 

interpretation in some cases is not limited to particular terms whose meaning can be changed 

by another one in an isolated way but involves the whole system in which statements relate to 

each other and in which some statements may or may not be inferred from others. In other 

words, interpretation is concerned here not only with the meaning of terms within a given 

logic, but also with how the logical notions themselves are understood.  

9.5.1 Exception	tolerance		
The construction of meaning passes through stages of discovery, consolidation and revision 

which often recapitulates the development of the discipline itself (as illustrated in Lakatos, 
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1976). This is clearly non-monotonic. Historically, mathematicians have faced “abnormalities” 

which in theory would be counterexamples (and refutations) for general statements. This can 

be seen in “theorems with exceptions” (Jahnke, 2008; Sørensen, 2005). Jahnke’s distinctions 

between “open general statements” and “closed general statements” corresponds in fact to 

the exception-tolerant defeasible interpretation of general statements vs. the classical 

interpretation. He illustrates how, contrary to current conventions, open general statements 

have been present throughout history in mathematics practices: from ancient Greek geometry, 

where some evidence is found in the notion of “diorismos” (which subsumes the limit cases of 

theorems or constructions), to 19th century algebraic analysis. Yet another example is 

provided by Polya in order to illustrate how heuristically we “generalize” in some statements 

(going beyond exceptions or abnormalities): if we have a system of n equations with n 

unknowns, then the unknowns are determined. This is not true if the equations are not 

independent. “What matters here, however, is not a mathematical theorem, but a heuristic 

statement, in fact, the following statement: ‘A system of n equations with n unknowns 

determines, in general, the unknowns.’ The term ‘in general’ can be interpreted in various 

ways. What matters here is a somewhat vague and rough ‘practical’ interpretation: a 

statement holds ‘in general’ if it holds ‘in the great majority of such cases as are likely to occur 

naturally’” (Polya 1954, p. 192). 

We think that this kind of phenomenon is also present in the usual conceptualizations of 

students. “The heights of a triangle lie inside it” is something that may be endorsed by most 

students at some point (say, at elementary school). The exceptions (obtuse angled triangles) 

are abnormalities which, psychologically, do not prevent the general truth of the statement 

until a conceptual reshaping is obtained.  

Another widespread conception (also historically present) is that “functions are defined by 

their analytic expression, by their equation”. What is here considered “normal” in practice, 
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what is prototypical, is in fact what is exceptional here. There are in fact only countably many 

functions of this kind, whereas the cardinality of non-analytic functions is uncountable.73  

Classical logic, with its interpretation of conditional and general statements is in fact, in 

practice, an anomaly restricted to specific contexts. What we want to stress here is the 

ecological value of exception-tolerant statements. We can obtain a series of “theorems in act” 

(Vergnaud, 1991) which may not always be completely correct, but that have a cognitive value 

in solving problems and in the construction of theories. We share the point of view expressed 

by Jahnke, in the sense that in principle “Such statements are not deficient, but, to the 

contrary, they are an efficient way of dealing with the world around us without increasing the 

costs of corroboration to uneconomical heights.” Moreover, “without having understood and 

accepted the theoretical nature of the idea of a universally valid statement the logical 

distinctions between for example an implication and its converse lose their meaning.” We will 

examine next some evidence for this phenomenon.  

9.5.2 CWR	 interpretations	 of	 mathematical	 statements:	 from	 Pythagoras	 to	
Lagrange		

What is inferred by students from given or known statements in mathematics? We illustrate 

how statements which are well-known or unambiguous in appearance, may (inadvertently) 

trigger inferences beyond what is in the statements themselves. These inferences do not 

always correspond to what may be expected classically. As we illustrate in (Vargas & Stenning, 

2020) using Pythagoras’ Theorem, this may be the case even with well-known statements at 

an undergraduate level. 

We asked about analogues of Pythagoras’ Theorem considering not only squares constructed 

on the sides of the triangle, but with other figures as well (provided that these figures are 

similar to them in proportion to the sides). A generalization of the Theorem is possible under 

these conditions, so that all the proposed statements were actually true. The prevalent opinion 

(among 178 2nd year engineering students) was that these statements do not hold. We found 

 

73 This means not only that this kind of conceptualization is not extensional, in the sense that may allow 

exceptions (impossible in the extensional interpretation of the universal quantifier), but that even may disregard 

the set-theoretic most basic distinctions (e.g., cardinality). 
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in some explanations to this choice explicit use of NAF: “You must form squares on b and c in 

order to obtain that the sum of their areas equals that of the square formed on a” (emphasis 

added). Similarly, a second student affirms: “(In the provided question) we are told what 

Pythagoras’ Theorem says... this means that it’s not applicable for any other answer, for they 

talk about other geometric figures.” (emphasis added). Yet another student says: “Theorems 

(in the menu) are false given that none of them is related to those concerning right-angled 

triangles” (Vargas & Stenning, 2020). These participants’ argumentation basically asserts that 

Pythagoras’ Theorem cannot be generalised to other figures because what is not explicitly 

affirmed in it (or known from previous experience) cannot be true (NAF).  

Yet another misconception is present when a statement and its converse are taken as saying 

“the same thing” as its converse (Hoyles & Küchemann, 2002). Taking again Pythagoras’ 

Theorem as an example (in the same study) we posed the question in the form of the deductive 

schemas modus ponens, modus tollens (MP and MT, classically valid), affirmation of the 

consequent and denial of the antecedent (AC and DA, classically “fallacious”). A high rate of 

participants endorses the validity of the option which corresponds to the classically invalid AC 

schema (68%). This endorsement rate is, even higher in our results than the classically valid 

MT. This is an indication that from a statement (here Pythagoras’ Theorem) students infer the 

converse statement.74 A form of abductive reasoning in the framework of LP, as used e.g. in 

(Stenning & van Lambalgen, 2008, p. 200) in the study of inference schemas, can help us 

explain this “biconditional effect” so prominent in the reasoning literature.  

How much of these phenomena is dependent on mathematical intuitions on a topic well 

known to the students? Is this phenomenon still present when they face a new, abstract 

subject, in more advanced mathematics arguably not so determined by well-established 

notions on the content? We investigated this during an abstract algebra course  (Vargas & 

Martignon, 2019).  

 

74 As a matter of fact, the converse of Pythagoras’ Theorem is actually valid: in Euclid’s Elements it is proved as a 

corollary immediately after the Theorem.  Nevertheless, as explained in (Vargas and Stenning, 2020), our 

participants didn’t know this fact prior to being tested. 
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As a standard topic, Lagrange Theorem (which establishes that the order of a group’s subgroup 

divides the order of the group) was studied.  

Facing the task of establishing whether a group of order 10 necessarily contains an element of 

order 5,75 students tend to assume76 that the converse of this theorem must also hold, in fact 

confusing the theorem and its converse, (Figure 44 and Figure 45).  

 

Figure 44. “Yes, if (“as long as”) a subgroup is formed with the elements. From Lagrange’s Theorem, 
[H]|[G] ⇒ 5 divides 10.” 

 

Figure 45. “It’ s true because the Theorem of Lagrange says that the order of a subgroup of a group is 
always a divisor of the order of the group ⇒ 5|10”. 

 

75 An immediate proof that this is true may be given by more advanced theorems (like Cauchy’s or Sylow’s). 

Participants were not assumed to know these theorems, and therefore the proof studied (and examined) was 

provided in more elementary terms. The argument is by contradiction: Assume that there is a group G of order 

10 with no such element. This would entail that each element is either of order 10 or of order 2 (by Lagrange’s 

Theorem). The first case would give us a group isomorphic to 𝑍!", which in fact has an order 5 element, namely 

2. So, all the elements (others than the neutral element) of G have order 2. Take two such elements, a and b. It 

can be shown that the subgroup H generated by them is isomorphic to V, the Klein group. H is then of order 4, 

which does not divide 10, a contradiction of Lagrange’s Theorem. 

76 7 out of 19 students of our group presented this kind of argumentation (which was the modal one). Only 3 

participants provided a complete correct proof of their choice. 
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In the context of commutative rings with unit and fields, students tend to have difficulties 

answering the question whether there are commutative rings with unit without zero divisors.  

There are, of course, such rings, (Z, +, ×) is one of them. A large group of students (9 out of 17) 

answered that this statement is not correct because fields are those structures without zero 

divisors. In fact, one proposition proven in the course established that “Fields contain no zero 

divisors, i.e., if the product of two elements is zero then one of these elements has to be zero”.  

This can be seen as NAF (if there is no explicit knowledge for a statement to be true, it is taken 

to be false), but also can be analyzed as CWR reversing the implication “if something is a field 

then it has no zero”. 

9.5.3 Logical	interpretations	in	probabilistic	tasks		
So far, we have analyzed examples of NAF and CWR about different mathematical statements. 

Let us now consider some probabilistic problems from our perspective. In the bounded 

rationality tradition part of the literature has concentrated on moving subjects towards an 

extensional interpretation through the use of natural frequencies. This has also been done at 

the school level (Vargas et al. 2019, Martignon and Krauss, 2009, Zhu, L., & Gigerenzer, G. 2006) 

We will focus here, though, on the interpretational process using as an example the Linda task 

(Tversky and Kahneman, 1983) with two options:  

Linda is 31 years old, single, outspoken, and very bright. She majored in philosophy. As a 

student, she was deeply concerned with issues of discrimination and social justice, and also 

participated in anti-nuclear demonstrations. Which is more probable?  

[A] Linda is a bank teller.  

[B] Linda is a bank teller and is active in the feminist movement.   

In an experiment with 9th graders students (Vargas et al., 2019) we analyzed not only the 

options selected (as done at school level, e.g., by Fischbein and Schnarch, 1997), but also the 

justifications provided by our participants.  

As expected, we obtained an overall prevalence of the B-choices (violating the conjunction 

rule). A very common justification for violation of the conjunction rule answers (corresponding 

to B in our case) uses the “typicality” judgement (Hertwig, 1995). This is an important case in 

how the term “probability” may be understood in many different senses (Hertwig and 
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Gigerenzer, 1999). Examples of justifications like “B is more probable because of her interest 

in themes of social discrimination and her participation in antinuclear demonstrations” (Vargas 

et al., 2019 p.310) can be understood from this perspective. 

These typicality judgments are often present together with other communication principles in 

the sense of Grice (1975). The information given should be relevant, as stated in one of his 

maxims: “Do not make your contribution more informative than is required”. The student in 

Figure 46 makes use of this maxim when he says: “It seems to me that the second possibility 

is more probable because if it were the other one, the given information about the interest in 

discrimination issues would be useless.” The student, we see in the Figure 46, even underlines 

part of the information provided as if saying: “Why do you give me this information, if you 

don’t want me to use it?” The use of the Gricean principle may be reinforced by the fact that 

traditionally, in some contexts, assigned mathematical tasks commonly do not provide useless 

information.  

 

Figure 46. An example of Grice’s relevance maxim 

We therefore can see a cooperative kind of communication together with the tendency of 

constructing a story out of the information provided. We see, in the restricted situation or 

“model” that thus emerges, an abductive kind of reasoning which explains and gives coherence 

to the story.  

 

Figure 47. A and B interpreted as exclusive events. 

Turning to another kind of argumentation, there are other manifestations of the relevance 

principle like the “exclusion” implicature. According to this, the two options A and B are 
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interpreted as exclusive events (Hertwig 1995, p.45). Our student in Figure 47 says: “She is a 

woman who struggles for her ideals, therefore I do not think that she limits herself to being 

just a bank-teller, but she attempts also to change society in some way, and this is so if she is 

active in the feminist movement.” The exclusion can be seen here by the use “but”, and by 

expressions as “she limits herself” or “just a bank-teller”. A form of NAF, again. Option A implies 

“just” what it says. What is not said is false in this option.  

 

Figure 48. Choice A, “Because her being a feminist is not mentioned in any place; even if she is very 
interested in social justice this doesn’t mean she is an activist.” 

Among our participants the rate of A-choices was 29 % (14 out of 48 students), which is higher 

than in other studies with the same ages. Can this be directly interpreted as a use of 

extensional principles based on inclusion? From the justifications provided by our subjects we 

can see that most of the “A” answers were not justified by the set-theoretic inclusion A ∩ B ⊆ 

A. As a matter of fact, none of our students provided an argument using this property. They 

produced arguments making reference to the information in Linda’s profile (which is 

unnecessary, from an extensional viewpoint) Among the 14 students which choose option A, 

9 justified their choice arguing that in Linda’s it is not explicitly stated that she is a feminist 

(Figure 48). This line of argumentation stems from a different attitude than the ones presented 

above. The position here is skeptical, with respect to the relationship between the hypothesis 

“Linda bank teller” and the information provided initially. The reason why we do not consider 

this argumentation as “extensional” is because the inclusion A∩B ⊆ A is independent of B being 

or not being mentioned or being a consequence of Linda’s profile. 

 

 

Figure 49. “Pseudo-extensional” justification. 
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To conclude this overview of the arguments obtained, we mention the so-called “pseudo-

extensional reasoning”, where “Linda bank teller” and “Linda feminist” are taken as 

incompatible, leading to reject option “B” (Hertwig, 1995). One of our participants exhibited 

this line of reasoning: “A, because the stereotype of a bank teller is not that of taking part of 

demonstrations…” (Figure 49).  

This “pseudo-extensional reasoning” assumes that in option A, Linda being a feminist is 

denied (otherwise also A would possibly also be inconsistent). We saw also in discussing 

Figure 47 that option A is often interpreted as “Linda is bank teller and not a feminist 

activist” (by NAF). This is a clear indication that some of our more fundamental reasoning 

tools may underlie different answers (in our case a kind of NAF may underlie both A and B 

choices).   

9.5.4 Interpretation	flexibility	and	reasoning	transitions		
 We have illustrated so far, how students make use of CWR in their spontaneous 

interpretations of statements and tasks in a mathematical context, focusing on NAF and their 

interpretations of conditional statements. We have also seen that this corresponds to a 

cooperative interpretation of the information conveyed. But given that we want students to 

be able to apply other kinds of reasoning when needed, how can this be attained? In particular, 

it is clear that among our aims as educators is to obtain a transition in this context towards 

classical logic principles, particularly in a context of proof.  

We think that we can obtain at least some indications from two aspects tied together: (1) the 

search for examples and counterexamples and (2) the pragmatic/communicative situations 

which are faced by students. From what has been exposed in this paper, there is a clear 

contrast between the classical logic way of reasoning and the non-monotonic logics here 

described. When examining the semantic definition of the deduction relation in these two 

logics we see that whereas the non-monotonic deduction is characterized by truth in a 

particular, preferred model, in classical logic a sentence 𝜑 follows from set of sentences Γ 

(indicated as Γ ⊨ 𝜑) if and only if every model of Γ is also a model of 𝜑 (Tarski, 1936). This may 

be rephrased by saying that there is not a model for Γ that is a countermodel for φ (a 

counterexample). The validity of a deduction is equivalent to the impossibility of getting a 

counterexample for it. The exploration of examples and counterexamples in mathematics 
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education has been a topic in the area of proof (see, for instance, the special issues on “The 

Role and Use of Examples in Mathematics Education” (2008) and “Examples in mathematical 

thinking and learning from an educational perspective” (2011) in the journals ESM and ZDM). 

Following results in (Stenning & Yule, 1997), we pursue the program of exploring syllogistic 

reasoning through the construction of counterexamples (Achourioti et al., 2014). In addition 

to providing to participants semiotic artifacts in order to realize the exploration of the 

“example space” (Watson and Mason, 2005), we think that a fundamental component for the 

transition towards classical logic in the sense specified before, is of a pragmatic and attitudinal 

kind. Reasoning, again, is ecological, and the communicational situations may vary the goals 

pursued to the point of representing completely different “games” (Wittgenstein, 1953/2003). 

Most studies in syllogistic reasoning present pairs of premisses asking participants to choose a 

conclusion from a given menu including the option “No Valid Conclusion” (see Khemlani and 

Johnson-Laird, 2012). This standard “neutral” task may be compared to alternative tasks where 

counterexample construction is asked for invalid conclusions in adversarial settings.77 Results 

indicate a remarkable reduction (relative to what is known from the standard task) in the 

accuracy asymmetry between valid and not valid problems. The improvement in detecting 

invalid conclusions is justifiable by the goals posed in countermodeling: the game of 

cooperative communication and construction of an intended model or interpretation, differs 

completely from the adversarial search for possible counterexamples attempting to defeat a 

statement or argument. The examples developed in the previous sections show evidence for 

an adoption of the cooperative stance which is also predominant in standard syllogistic tasks. 

Recapitulating, grasping the essence of classical logic appears to be something not automatic 

in principle, but facilitated by environments tuned to this aim. Proof in mathematics is of 

course a wider topic with many other components, but a skeptically guided explorations of 

example spaces is a first alignment with the basic orientation of what is pursued. This means 

 

77 In one case we adopted a betting situation against a not-to-believe character (Harry -the-Snake) who propose 

the conclusions (Achourioti et al., 2014). In near-replications participants are asked to adopt the adversarial 

collaboration role of a teacher grading exam papers by his students. In both cases the source of the information 

is in principle highly doubtful. 
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here both an extensional account of truth and deduction and an attitude of enquiry which 

comprehends both dialogue and disputation (Novaes, 2018).  

 Conclusions:	Normativity	and	Ecology		
Canonical fixed norms (such as classical logic, probability theory and rational choice theory) 

have been traditionally treated as fixed benchmarks to measure validity of human reasoning 

and decision-making. The bounded rationality tradition opened perspectives to understand 

divergence from these norms taking into account wider considerations. These divergences are 

not necessarily to be assumed as errors, biases or fallacies and may be responding to 

environmental prompts and the structure of the problems faced (in addition to our cognitive 

faculties). These considerations are relevant for the field of mathematics education. In this 

context, we see permanently in action the negotiation of meanings for the communicational 

games to be played. Students find themselves in the difficult, perplexing construction of sense, 

which includes different ways of overcoming the lack of information, either missing or implicit. 

A way of doing this is the ordinarily unconscious elaboration of a “world” which may complete 

information on a context, at the cost that the added information may be partly or totally 

wrong. 

We have examined how LP can stand beside heuristics as a model (among others) for bounded 

rationality, or even incorporate some of these heuristics in its formalism. The main features of 

LP in fact have shown its cognitive relevance in explaining a variety of experimental results. In 

applying these to mathematics education we have tried to illustrate a widespread presence of 

interpretational concerns regulating the logics applied also in this context.  

In LP the information acquired in a particular situation is treated as belonging to a knowledge 

base. New information may be incorporated into it, which can defeat previously valid 

conclusions. This makes this logic non-monotonic (as defined above in 2.4), a feature that 

makes these logics particularly tuned to human reasoning to interpretations. In particular, this 

constitutes the very core of what is expected from education: the acquisition of new 

knowledge may defeat previously supported conclusions or even reshape our view on a 

particular topic. This “logic of discovery” is present both historically and at an individual level 

(Lakatos, 1976).  
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As we already mentioned in the introduction, people have many and multiple goals in 

reasoning, and modern logic helps to differentiate these goals, and the consequent changes in 

the notion of validity that accompany them as the reasoner shifts from one purpose for 

reasoning to another. Different conflicts, superpositions and hesitations may occur in the 

interpretational process of assigning logical meaning to information in a communication 

process, in particular in the context of mathematics education. Here, the construction of 

meaning goes forward along ways often far from formal deductive traditional systems.  

“Licit” or “illicit” inferences or mechanisms of reasoning are not absolute categories. This leads 

to the not always simple, but necessary consideration of goals in communication and reasoning 

(Achourioti et al., 2014). In this sense, application of different logics should not be seen as a 

pretended progression of stages which should lead from “child logic” to “math logic” (O’Brien 

et al., 1971). Also, a monolithic conception of logic may lead to a simplistic qualification as 

“errors”78 of reasoning tools which may be (or not) tuned to practices and contexts depending 

on whether they are adequately modulated or not. NAF applied in CWR may hugely facilitate 

communication, but also lead to a world closed too quickly in cases where an exhaustive search 

of counterexamples is needed. The reversal of an implication may produce an abductive 

inference which leads to fruitful hypotheses or convenient operational procedures, but also to 

the assumption of non-theorems which may lead us astray. Leaving apart particular or atypical 

counterexamples may produce “theorems with exceptions”, something that simplifies 

conceptualization, whereas incorporating them may render statements and proofs more 

cumbersome, or “suppress” conclusions in a more classical milieu.  Considering particular 

“preferred” examples often facilitates finding insightful generic proofs, but also may lead to 

blatantly false overgeneralizations. This leads us in mathematics education practice to a 

complex interplay between exploration of examples and counterexamples, between 

hypothesis generation, proofs and refutations (Lakatos) in a back and forth between non-

monotonic and classical logics.  

 

78 A qualification that in traditional education often involves emotional and even moral implications (Oser and 

Spychiger, 2005). 
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 Conclusions	

	
 Interpretation	and	communication	

 

We humans go throughout our lives seeking for meanings, interpreting the information 

bombarding us every second (which implies at the same time ignoring part of it and going 

beyond it). We construct a world all the time out of this interpretational process. But the world 

is co-constructed and we are turned towards the others in communicating. These processes of 

interpreting and communicating are not isolated, they feedback on each other in multiple 

ways. And they lie the very basis of any process of reasoning, at least in the sense of the term 

that I used here.  

I argued throughout this thesis that different kinds of reasoning are mobilized according on 

how the situation faced is interpreted, or better said, on how we place ourselves towards the 

situation at hand. In particular, in communication, if we adopt a cooperative, credulous 

disposition, or on the contrary an adversarial, sceptical one. 

Reasoning about mathematics in an educational setting is, of course, not an exception for this. 

Students (and teachers) may be enrolled in a back and forth between believing, doubting, 

making sense, giving arguments and proving. 

All the studies presented show, in different ways, evidence for a cooperative, intensional 

interpretation which can be in some cases redirected towards a sceptical, extensional one. 
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 Beyond	negative	characterisations:	using	logic	to	describe	our	“illogical”	
thought,	and	to	explain	our	“irrational”	reasoning	

 

I presented intensional and extensional interpretations as ways for dealing with the 

construction of meaning. They are fundamentally different but are both required: none of 

them is more adequate, more efficient or more meaningful for all situations. I called 

“extensionalism” the tendency to reduce all meaning to extensional interpretations, an 

atomistic tendency pursued by some philosophical schools, and advocated as the right and 

unique approach for all mathematics. Mathematical practices are far richer than these 

foundational concerns. Often, as great mathematicians have manifested, the deeper insights 

lie beyond (or despite) these concerns, and require the (intensional) detection of concepts, of 

properties, of ideas. 

The psychology and mathematics education researchers, I have illustrated, have adopted also, 

extensional norms as the unique “right” measure for reasoning, independently of context 

considerations. Classical logic, in particular, has been considered as the logic. The multiple 

logics approach here adopted, provides other tools for the analysis of reasoning in its various 

manifestations. The logic-as-model perspective provides insights at the descriptive level, 

something that I approached in the use of logic programming for describing cases of “closed 

world reasoning”. It provides, also, alternatives at the normative level: the concept of 

deduction required for adversarial, sceptical situations consist in considering all possible 

situations (models) that satisfy the premises, whereas cooperative deduction is based in the 

construction of an intended (“preferred” or “minimal”) model of the situation. The difference 

in both concepts of deduction encapsulates the difference in the logics behind them, which is 

classical on one side, and non-monotonic on the other. 

The bounded rationality perspective provides a further justification for the adoption of 

pluralistic views in cognition. Abstract, all-purpose norms may not be adequate, or even 

feasible when considerations about the environmental conditions and requirements or the 

capabilities of our minds enter into the scene. 
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 Teaching	 and	 learning	 to	 reason:	 no	 fruitful	 prescription	 without	
description	

 

Now, perhaps it is worth clarifying once again that I do not propose an “everything goes” 

attitude towards reasoning in general, and towards reasoning in mathematics in particular. 

What I propose is that widening our views on the contextual nature of reasoning may help us 

gain insight on what we consider as “errors”. I do not call only for an “error tolerant” attitude 

in education (acknowledging that errors are positive in the road towards knowledge 

construction), but for the acceptance of different kinds of reasoning with a local applicability 

and legitimacy. If we expect to obtain a shift towards a desired normativity, we need first to 

know well what the point of departure is. Often, what is going on behind an “error” is not a 

punctual slide in a misstep, but the whole interpretation of which is the “game” to be played. 
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Appendix	A:	Instructions	of	booklets	of	the	experiment	

in	Article	2	

P1	 

El Teorema de Pitágoras dice: Para todo triángulo rectángulo con hipotenusa a	y catetos b	y c, 

se tiene la igualdad a2	= b2	+ c2. Como una aplicación inmediata de este enunciado podemos 

concluir que (señale la o las opciones que considera correctas):  

 

     El triángulo con a=4, b=3 y c=3 no es rectángulo  

     El triángulo con a=5, b=4 y c=3  es rectángulo  

     El triángulo rectángulo con b=1 y c=2 tiene que tener  a = √5 

     El triángulo con b=3 y c=3 debe tener a = 2√3 

     Si un triángulo b=1 y c=2 no es rectángulo entonces a ≠ √5 

 

 

P2	 

Para todo triángulo rectángulo con hipotenusa a	 y catetos b	 y c, se tiene lo siguiente 

(seleccione una nica opción):  
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     La suma de las áreas de los triángulos equiláteros construidos sobre los lados b y c es igual 

al área del triangulo equilátero construido sobre a. 

     La suma de las áreas de los semicírculos cuyos diámetros son b y c es igual al área del 

triángulo equilátero construido sobre a. 

     La suma de las mitades de las áreas de los cuadrados construidos sobre los lados b y c es 

igual a la mitad del área del cuadrado construido sobre a. 

     La suma de las áreas de los pentágonos regulares construidos sobre los lados b y c es igual 

al área del pentágono construido sobre a. 

     Todas las anteriores  

     Ninguna de las anteriores  

 

Justifique brevemente su elección:  
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Appendix	B:	Instructions	of	booklets	of	the	

experiments	in	Article	3	

Pretest	(9th	grade)	

1. Avete questo profilo di persona: Linda, 31enne, single, dalle idee chiare e pochi peli 

sulla lingua, molto intelligente. Laureata in filosofia, da studentessa era molto 

interessata ai temi della discriminazione e della giustizia sociale e partecipò anche a 

manifestazioni contro il nucleare. Scegliete fra le seguenti frasi su Linda quella che vi 

sembra  più probabile:  

A fa la cassiera in banca; 

B fa la cassiera in banca ed è attivista in un movimento femminista;  

2. (Version A) Si considera una donna che ha appena ricevuto un risultato positivo al 

test della mammografia. Saputo il risultato del test, chiede al dottore :”Ho 

sicuramente la malattia?” Il dottore risponde, fornendo i seguenti dati sulla diffusione 

della malattia e sull’affidabilitá del test:  

• La probabilitáche una donna abbia la malattia é 1%.  

• Se una donna ha la malattia, la probabilitá che il test sia positivo é  

il 90% (sensitività del test).  

• Se una donna non ha la malattia, la probabilità che comunque il test sia 

positivo é del 9% (falsi negativi).  

Secondo te, qual’ é́ la probabilitá che la donna abbia contratto la malattia? 

Scegli tra le seguenti quattro opzioni:  



 

239 

[A] 0−25% [B] 26−50% [C] 51−75% [D] 76−100%  

 

(Version B) Si considera una donna che ha appena ricevuto un risultato positivo al test 

della mammografia. Saputo il risultato del test, chiede al dottore :”Ho sicuramente la 

malattia?” Il dottore risponde, fornendo i seguenti dati sulla diffusione della malattia 

e sull’affidabilità del test:  

• La probabilità che una donna abbia la malattia è 1%.  

• Se una donna ha la malattia, la probabilitá che il test sia positivo è  

il 90% (sensitività del test).  

Secondo te, qual’ é la probabilitáche la donna abbia contratto la malattia? 

Scegli tra le seguenti quattro opzioni:  

[A] 0−25% [B] 26−50% [C] 51−75% [D] 76−100%  

 

3. Giovanni e Marco ricevono ciascuno una scatola, contenente 2 palline bianche e 2 

palline nere. Giovanni estrae una pallina dalla sua scatola e scopre che è bianca. Senza 

rimettere la pallina estratta, estrae una seconda pallina. La probabilità che questa 

seconda pallina sia anch’essa bianca é minore, uguale o maggiore della probabilit’a 

che questa sia nera? Marco estrae una pallina dalla sua scatola e la mette da parte 

senza guardarla. Poi estrae una seconda pallina e vede che é bianca. La probabilità 

che la prima estratta sia bianca è minore, uguale, o maggiore della probabilitá che sia 

nera? 
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Posttest	(9th	grade)	
 

 

Question 1 

Il prossimo sabato 12 novembre, per le qualificazioni ai mondiali, giocheranno Lichtenstein-

Italia. Ordina i seguenti risultati dal meno probabile al più probabile: 

1) L'Italia vince la partita 

2) L'Italia perde nel primo tempo 

3) L'Italia perde nel primo tempo ma vince la partita 

4) L'Italia vince nel primo tempo ma perde la partita 

 

 

Question 2 

Considera un dado regolare di 6 lati con 4 facce verdi e 2 facce rosse. Quale delle seguenti 

sequenze è piú probabile che esca? Perché? 

1) RVRRR 

2) VRVRRR 

3) VRRRRR 

4) RRRRRR 
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Survey	
 

Valuta i seguenti aspetti delle attività su probabilità sviluppate l’anno scorso con gli alunni di 

5ª elementare dove 1 significa molto poco e 5 significa molto: 

 

 1 2 3 4 5 

Il fatto di aver realizzato un test iniziali mi ha aiutato a comprendere le difficoltà 
presenti in diverse nozioni probabilistiche. 

▢ ▢ ▢ ▢ ▢ 

Considero che il fatto di realizzare una ricerca e di dover proporre il modo di 
sviluppare le attività in altre classi  sia una strategia che aiuta ad assimilar 
meglio argomenti di matematica. 

▢ ▢ ▢ ▢ ▢ 

Ho	 sentito	 che	 	 questo	modo	 di	 affrontare	 i	 temi	 ha	 rafforzato	 la	mia	
curiositá	e	motivazione 

▢ ▢ ▢ ▢ ▢ 

Considero che  questo modo di affrontare i temi ha rafforzato la curiositá	e la 
motivazione nei bambini di 5ª. 

▢ ▢ ▢ ▢ ▢ 

Considero che i bambini di 5ª	abbiano potuto avvicinarsi ad alcuni concetti 
basici di probabilitá	 e che le attivitá	 proposte  abbiano fornito strumenti 
adequati per la loro comprensione. 

▢ ▢ ▢ ▢ ▢ 

Mi	sono	sforzato	affinché	le	attività	scelte	fossero	chiare	e	divertenti	e	che	
la	esperienza	fosse	costruttiva	per	tutti. 

▢ ▢ ▢ ▢ ▢ 

Il	fatto	di	dover	presentare	ed	insegnare	questi	temi	mi	ha	aiutato	a	
riflettere	sulle	difficoltà	di	insegnare	e	sulle	difficoltà	di	imparare. 

▢ ▢ ▢ ▢ ▢ 

Mi	piacerebbe	ripetere	esperienze	di	questo	tipo. ▢ ▢ ▢ ▢ ▢ 

 

ALTRI COMMENTI (Cosa ti è sembrato interessante o arricchente? Cosa cambieresti per 

migliorare l’esperienza?) 
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Test	(5th	grade)	
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Il Conte ha bisogno del tuo aiuto! Deve rispondere a delle domande importanti con  

urgenza, ma è molto confuso con i numeri. Puoi aiutarlo? 

Prima di iniziare, il Conte vuole sapere qualcosa in più su di te! 

Il mio nome è___________________ e ho ____________ anni.  
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Domanda 1 

Nel paese delle meraviglie vivono 10 personaggi fantastici qui rappresentati: 

 

 

Guarda tutti i personaggi. Ci sono più principesse con la corona o più sirene con la corona? 

 

La tua risposta : più principesse con la corona 

    più sirene con la corona 

 

Nota: nelle seguenti domande scrivi sempre nello spazio a destra il numero totale di 

personaggi! 

 

Quante principesse con la corona ci sono? 

 

La tua risposta: ______ su ______ 

 

Quanti personaggi portano la corona? 

 

La tua risposta: ______ su______ 
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Se scelgo a caso un personaggio, è più probabile che sia una principessa, o una principessa 

con la corona? 

 

La tua risposta:   _________________________________ 

 

Domanda 2 

In un piccolo villaggio abitano  30 uomini, qui rappresentati: 

Guarda tutti gli uomini del villaggio: ci sono più uomini con i baffi che portano il cappello o 

più uomini con i baffi che non portano il cappello? 

 

La tua risposta:   più uomini con i baffi che portano il cappello 

                 più uomini con i baffi che non portano il cappello 

 

Nota: nelle seguenti domande scrivi sempre nello spazio a destra il numero totale di 

uomini! 
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Quanti uomini portano il cappello? 

 

La tua risposta: ______ su______ 

 

Quanti uomini hanno i baffi? 

 

La tua risposta: ______ su______ 

 

Quanti uomini portano il cappello e hanno i baffi? 

 

La tua risposta: ______ su ______ 

 

Se scelgo a caso un uomo nel villaggio, è più probabile che porti il cappello o che porti il 

cappello e abbia i baffi? 

 

La tua risposta:   ___________________________________ 

 

Domanda 3 

Pensa a tutti i numeri fra 1 e 30. 

 

Quanti numeri sono dispari? 

 

La tua risposta: ______ su 30 

 

Quanti numeri sono divisibili per 3? 

 

La tua risposta: ______ su 30 
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Quanti numeri sono dispari e divisibili per 3? 

 

La tua risposta: ______ su 30 

 

Domanda 5 

 

Marco vive a Bogotá ed è uno studente della classe 7ª. Gli piace risolvere i sudoku e giocare a 

scacchi nei campionati della sua città. 

Se tu dovessi fare una scommessa, cosa sceglieresti? 

  Marco è bravo a pallacanestro 

  Marco è bravo a pallacanestro e in Matematica 
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Domanda 6 

 Osserva le seguenti figure: 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Quante figure sono quadrati? ______________________________ 

 
Quante figure hanno 4 lati? ________________________________ 
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Quanti triangoli ci sono? __________________________________ 

 
Quante figure hanno tutti i lati uguali?________________________ 

 
Quante figure hanno tutti gli angoli uguali?____________________ 

 
Quante  figure hanno tutti i lati e tutti gli angoli uguali ___________ 

 

 

Grazie per il tuo aiuto! 


